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Abstract
Topology optimization of large deformation 2D continua is presented using a combined gradientstochastic search with negative circular masks. The possibility of generating perfect black and
white topologies is explored while attaining the efficiency of first and second order search algorithms. The design region is modeled with honeycomb tessellation to thwart the known
connectivity singularities like the checkerboards and point flexures. Mask shrinkage is incorporated for ease in density transition between gradient and stochastic steps. Notches at continuum
boundaries are moderated through multiple use of a simple boundary smoothing method. A neo
Hookean elasticity model is employed to simulate the material nonlinearities in large displacement continua. With examples on stiff beams and large deformation compliant mechanisms, it
is illustrated that perfectly binary, connected and smooth topologies can be obtained within a
few hundred design evaluations.
Keywords: topology optimization; binary topologies; compliant mechanisms; material mask
overlay method; nonlinear continuum mechanics;

1

Topology optimization with negative circular masks

To seek a stiff continuum, a topology optimization problem is modeled by specifying a design
region Ω (Fig. 1), locations, magnitudes and directions of input loads or displacements ∂ΩI and
fixed boundary ∂ΩF . For a compliant continuum, an output port ∂ΩO is additionally indicated
with, say the direction of desired deformation. Generically, heat conduction or dynamic properties, or other multi-physics attributes can be included in the model. A set of circular negative
masks ΩM can determine the material states ρ(x, y) for (x, y) ∈ Ω as follows.

ρ(x, y) = 0 if (x, y) ⊂ any ΩM
and ρ(x, y) = 1 if (x, y) 6⊂ any ΩM
1
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ΩM is termed a negative mask since it removes the material from the region beneath it. Accordingly, the topology Bo is identified as
Bo = {(x, y)|(x, y) ∈ Ω; (x, y) 6⊂ any ΩM s.t. ρ(x, y) = 1}

(2)

In practice, Ω is discretized into a number of cells ΩH which also participate as finite elements4 .
A material variable ρ(ΩH ) for each cell is set such that ρ(ΩH ) = 1 for ΩH 6⊂ any ΩM and
ρ(ΩH ) = 0 otherwise5 . For ρ(ΩH ) = 1, the cell is filled with the desired material and if
ρ(ΩH ) = 0, the cell is void. A set of all filled ΩH constitutes the discretized version Boh of the
topology Bo . Each circular mask ΩM is identified via its center coordinates (xm , ym ) and radius
rm . For some objective fo (v), and given number Ma of negative masks, the topology Bo (or Boh
in discrete form) is determined by solving the following optimization problem.

minimize

v

fo (v)

Subject to : gj (v) ≤ 0

(3)

where v ≡ {xm , ym , rm } ∀ ΩM forms a set of decision variables and gj (v) ≤ 0 are the specified
j constraints, for instance, the gage limits on the variables, the upper bounds on the volume
fraction and/or local stress measures in the continuum. The governing equations of equilibrium
are implicit to the formulation in Eq. 3. fo (v) can be set as the mean compliance (or strain
energy) when seeking a stiff structure, or say, −∆ when designing a large deformation compliant
mechanism.
To efficiently obtain ’perfectly binary’ (ρ(ΩH ) strictly 0 or 1), well connected and large deformation designs with negative masks via an uninterrupted search, we propose to combine the
zero (non-gradient) and first/second order (gradient) search methods. Hexagonal tessellation
(Fig. 1) is used to discretize the domain as it does not allow single point connections and
hence prevents the formation of checkerboards and point flexures. Multiple smoothing steps
are additionally proposed to obtain notch-free continuum boundaries which otherwise contain
numerous ’V’ notches due to the removal of hexagonal cells. We finally demonstrate the possibility of extracting multiple large deformation continua with the proposed topology optimization
method.

2

Prior work

This section motivates the use of combined zero and higher order search methods, negative masks
and hexagonal tessellation to obtain perfect 0-1 2D topologies in as less design evaluations as
possible. Following the Homogenization approach [1], the continuum topology optimization
was reformulated as the SIMP (Solid Isotropic Material with Penalization) density distribution
problem [2] that models ρ(ΩH ) as a continuous function such that the elastic modulus E of
ΩH is given by E = ρ(ΩH )n E0 . E0 is the modulus of the desired material. Parameter n(≥ 3)
encourages ρ(ΩH ) to assume values close to either 0 or 1. Alternative cell-based regularized
density functions, e.g., peak [3] and sigmoid functions [4] have also been proposed to encourage
binary topologies.
4

In general, the finite element discretization can be considered independent of the discretization used for
topology optimization
5
Per section 4.1, we say that ΩH ⊂ ΩM if its geometric center is encapsulated within the mask
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Figure 1: Formulation for topology optimization with negative circular masks

2.1

Connectivity pathologies, filtering and projection methods

In many methods that model sub-regions ΩH via rectangular finite elements, connectivity singularities like the checkerboards, point flexures, layering and islanding are observed. These methods use sensitivity [5] and density [6; 7] based filtering techniques to suppress the checkerboards
in mean compliance minimization problems. Both, filters and continuous density functions introduce gray transition regions at the contours that separate the solid and void states. This
prevents accurate modeling of problems that involve electrostatic actuation [8], members undergoing significantly large deformation in compliant mechanisms, sub-regions interacting with
each other via intermittent contact and others. When designing compliant mechanisms, standard filtering methods do not prevent single node connections from appearing in the continuum,
e.g., [5; 9].
A number of projection methods ([9; 10; 11; 12; 13]) can achieve close to 0-1 topologies. Guest
et al [10] project nodal densities using linear projection functions to compute ρ(ΩH ) for each
cell. They use a regularized Heaviside function to further project the cell densities onto the
0-1 space. Xu et al [11] and Wang et al. [12] propose a simplified hyperbolic tangent based
threshold projection which generalizes dilation and erosion projections in [9] and [10]. Multiphase projections in [13] impose lengths scales on both solid and void states. Wang et al [12]
use the gray level indicator Mnd (Mnd = 100% ∀ ρ(ΩH ) = 0.5; Mnd = 0% if ρ(ΩH ) =
strictly 0 or 1) to appraise the proximity of the obtained solutions to the 0-1 topologies. They
demonstrate that features larger than the dimension corresponding to the smallest cell in the
mesh (critical size) are possible. Near perfect ”black and white” topologies can be obtained via
filter/projection techniques and level set approaches as well (e.g., [14; 15; 16] and ([17]).

2.2

Honeycomb tessellation and Material Mask Overlay Strategy

Single node connections between diagonally placed filled rectangular cells are the root cause
behind the formation of checkerboards and point flexures ([18; 19; 20; 21; 22; 23; 24; 25]).
These can be eliminated at the parameterization stage itself, using hexagonal cells (ΩH in Fig. 1)
without requiring additional suppression methods. For finite element analysis, a hexagonal cell
can be split into two quadrilateral [18] or six triangular finite elements, or it can be represented
by a single Wachspress finite element [20]. Talischi et al [26] generalize the modeling of the
design region by employing generic n-poly cells/finite elements.
3

A ’perfectly’ binary solution can be obtained only when a cell’s density is not allowed to have an
intermediate value. With honeycomb tessellations, Saxena [21] uses a Material Mask Overlay
Strategy (MMOS) wherein cells enclosed within a circular mask are assigned the material states.
A subset of circular masks can group together to shape the local internal voids and outer contours
suitably. In [21], both positive and negative masks are employed. Per [22], a set of negative
masks alone can help identify well-defined external and void boundaries. Both approaches in [21]
and [22] are prohibitively expensive as they employ genetic algorithm. In [23], a relatively more
efficient adaptive MMOS (or AMMOS) algorithm allows for judicious addition and deletion
of masks. A mutation based hill climber search used permits the masks to vary in number.
Comparison of MMOS with circular, elliptic and rectangular masks [24] reveals that circular
masks alone can determine the shapes of internal and external contours adequately. Some other
approaches that employ stochastic (non-gradient) search for topology optimization are the subdivision method [27], and those by Jakiela et al [28] and Kane et al [29]. Saxena [25] employs
an analytical density function to position and size the negative masks via a gradient search.
Though efficient, cells with fictitious material (0 < ρ(ΩH ) < 1) do appear in the topologies.

2.3

Organization

For design problems in the framework of non-linear continuum mechanics, the design space can
contain numerous designs that fail to support the applied loads, i.e. fail to satisfy structural
equilibrium. This can have physical reasons, e.g. buckling, or numerical reasons, e.g. loss of
convergence within Newton’s method. Gradient-only search methods do not yield perfect binary
solutions directly and are envisioned to stall if the nonlinear analysis of an intermediate gray
scale continuum does not converge. Such designs may be referred to as displacement or NR
non-convergent. Methods that use the element connectivity parameterization [30], LevenbergMarquardt techniques [31] and those that ignore force residuals at nodes surrounded by void
cells [32] can circumvent the NR non-convergent problem to some extent. However, they do not
guarantee NR convergence for any generic intermediate gray scale/binary topology.
To obtain 0-1, well connected, large deformation continua, we propose to use combined gradientstochastic search such that the parameters of negative masks are optimally determined to impose
void-filled states on a group of hexagonal cells representing the design region. The remainder
of this article is organized as under. Section 3 lays out the combined gradient-stochastic search
using negative circular masks. Section 4 summarizes the large deformation analysis for perfectly
binary and gray scale candidate designs using neo-Hookean plane strain formulation in the
spatial frame. Derivation details for the internal forces and stiffness matrix for a Wachspress
hexagonal element are provided in the Appendix. In section 5, the optimization procedure is
described. Several examples are presented in section 6. Lastly, conclusions are drawn.

3

Combined gradient-stochastic topology search

The intent is to efficiently size and place the negative masks to identify the void cells (ΩH ⊂
ΩM ) unambiguously so that the remnant cells in Ω define the desired, connected continuum.
The search algorithm is pictorially summarized in Fig 2 and described in detail later in section
5. One commences by specifying the discretized design region (Ω ≡ {ΩH }), input-output details
(∂ΩI and ∂ΩO ) and fixed boundaries (∂ΩF ) (Fig. 1). An initial guess in terms of the number,
placement (usually uniform) and size of the masks is also required. The candidate ’perfectly’
binary design Bo is extracted and analyzed (section 4) to obtain the objective value f1 .

4
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Figure 2: The schematic of the combined gradient-stochastic search using negative masks
The gradient search iterations are performed using the Method of Moving Asymptotes (MMA)
[33] to place and size the negative masks efficiently so that fo (v) in (Eq. 3) is lowered. Within
these iterations, cell densities and gradients of the objective/constraints are computed from
the mask (decision) variables using the continuous density function in section 5. With this
function, most cells inside or outside the masks have ρ(ΩH ) close to 0 (void) or 1 (filled) respectively. Cells that are near to the mask perimeters are gray (0 < ρ(ΩH ) < 1). Consequently,
topologies evaluated in these steps have gray cells at the boundaries. When synthesizing a large
displacement compliant mechanism, gradient search iterations are ceased if NR-convergence6
is not achieved for an intermediate gray scale topology. At the end of the gradient step, the
best gray scale design Bgy is available. However, this design does not participate directly in the
assessment process. Instead, the parameters of the negative masks, efficiently suggested by the
gradient search, are used to extract the binary design B2 . The latter is evaluated to obtain its
function value f2 .
The density function (section 5) allows the cells near the mask perimeters to have the material
states between 0 and 1. This is true for cells whose centroids are both, inside or outside the
mask boundaries. When processing the masks to extract a binary topology however, all cells
with centroids inside the masks7 are discarded. The transition from the regularized problem
solved by the gradient search to the discrete problem may lead to loss of connectivity. That is,
some gray cells which are a part of Bgy may not be present in B2 due to which, some sub-regions
of B2 may be disconnected. Therefore, mask shrinkage is applied to obtain an analyzable design
6
7

Non-convergence in displacement FEA is a common difficulty of geometrically/materially nonlinear problems
irrespective of how close the centroids are to the mask perimeters
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in the discrete setting.
To accommodate gray cells close to the mask boundaries but inside them, mask radii are reduced
uniformly and gradually (section 5.2). Reduction in their radii is performed systematically such
that significant changes between the gray scale and binary topologies are avoided. The maximum
allowed reduction is dictated by the size of ΩH . The resulting binary designs are evaluated and
the best Bb with function value fb is chosen amongst them.
Thereafter, the two binary designs B2 (before mask shrinking) and Bb (after mask shrinking)
are compared. If f2 ≤ fb , fb ← f2 and Bb ← B2 . Further, if fb ≤ f1 , the new design Bb is
subjected to the stochastic (non-gradient) search. Else, mutations are performed on the masks
that correspond to the old binary design Bo . The 0-1 design available just before the stochastic
search is not merely the ”black and white” version of that suggested by the previous gradient
step. Bb is chosen over Bo only if the former is better (fb ≤ f1 ). In other words, the binary
designs just after the gradient search can and do get rejected (see section 6). The gray scale
topologies do not participate actively in decision making and therefore are the interim solutions
in the algorithm.
The search is thereafter pursued with a zero-order algorithm. Stochastic mutations are performed on the binary design best(Bo , Bb ) and further reduction in fo (v) is sought. After the
stochastic step, a number of masks are added and/or deleted (section 5.4). Masks are deleted
if they are ineffective in material removal. A convergence check is performed by verifying if
the number of design evaluations N has exceeded a specified limit N ∗ . A performance based
convergence criterion may also be used. If not, the search is returned to the gradient step.
Otherwise, the search is ceased.

4

Extraction and analysis of a candidate binary solution

The following preprocessing (section 4.1) and contour smoothing (section 4.2) steps are performed only when analyzing the binary solutions (section 4.3) within the non-gradient steps.
For a gradient iteration, a gray scale continuum is analyzed via section 4.3 directly with Bo (≡
Ω) = {(x, y)|(x, y) ∈ Ω;  < ρ(x, y) < 1} with the densities ρ(x, y) determined through Eq.
11 in section 5.

4.1

Preprocessing

From section 1, the binary continuum Bo can be identified by a set of Euclidean points (x, y) as

Bo = {(x, y)|(x, y) ∈ Ω; (x, y) 6⊂ any ΩM s.t. ρ(x, y) = 1}

(4)

For ease in finite element implementation, Bo is approximated by Boh with Ω modeled using a set
of cells or finite elements ΩH . (x, y) is then approximated by (xh , yh ), the centroid of ΩH . (xh ,
yh ) form a systematic paving of the global domain Ω with a user defined spacing. The decision
variable vector v in Eq. 3 that stores the mask variables (xm , ym , rm ) ∀ ΩM is processed to
extract the binary continuum Bo (or Boh ) from Ω as follows.
1. First, filled and void hexagonal cells are identified.

6
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2. Let d = (xh − xm )2 + (yh − ym )2 be the distance between any mask’s center and that
of the cell (Fig. 3a).
3. If d < rm , condition ΩH ⊂ ΩH is considered fulfilled implying that from (1), ρ(ΩH ) = 08 .
4. For all other ΩH such that (xh , yh ) 6⊂ any ΩM , ρ(ΩH ) is set to 1.
5. Once the material states are known, body Bo such that Boh ≡ Ω − {ΩH |ρ(ΩH ) = 0} is
extracted for analysis.
To analyze Bo , cells with ρ(ΩH ) = 0 are temporarily removed9 10 . Nodes and elements are
renumbered and accordingly, input, output and fixed boundary conditions are updated. That
is, ∂ΩI , ∂ΩO , and ∂ΩF are assigned to ∂t Bo , ∂o Bo and ∂F Bo (Fig. 4) respectively if the latter
exist as a part of Bo . A candidate binary design Bo is rejected if any of the following holds:
1. ∂ΩI 6≡ ∂t Bo : One or more input loads from the initial set is missing.
2. ∂o Bo 6⊂ Bo : The specified output node is absent. This condition is employed when large
displacement compliant continua are designed.
3. ∂F Bo = {}: No node in Bo is fixed. In such a case, Bo undergoes rigid-body displacements/rotations.
4. ∃ no ΩH with ρ(ΩH ) = 1 s.t. ∂t Bo and ∂o Bo are connected. In other words, connection
between the input and output nodes is absent. This condition is imposed implicitly
when designing large deformation continua. Such cases exhibit non-convergence in large
displacement analysis (section 4.3).
5. Displacement convergence is not observed in the Newton Raphson iterations for Bo .
Once a design clears the first three rejection criteria, cells that are not connected to the main
topology, are removed. Such cells can be identified by observing that they are not a part of
the continuum that contains the output node. By this stage, a well-connected continuum is
available for analysis. We term such a design Bo as analyzable.

4.2

Contour Smoothing

Before the analysis, numerous notches (stress concentration regions) present on the exterior
and interior boundaries ∂Bo due to the nature of the honeycomb tessellation are moderated
(Fig. 3b). Midpoints on the edges of hexagonal cells constituting the contours are joined
by line segments. Boundary nodes are projected onto these respective segments along their
nearest perpendiculars. The original connectivity of the element (edges) is not disturbed but
the modified positions of the nodes at the contours are accounted for in the analysis. The
procedure can be performed multiple times to obtain much smoother contours. This parameter
is indicated by slev , the smoothening level. slev can only have integer values and is not influenced
by the topology search algorithm described in Fig. 2. Instead, it is specified by the user prior to
8

If the centroid of ΩH lies within any ΩM , the material state of ΩH is set to 0.
Such a cell remains a part of the parent mesh and can re-appear in the topology if for some other candidate
design, no mask encloses it.
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This step is essential when designing say, a contact aided compliant mechanism of which some members can
come into contact
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Figure 3: Evaluating a binary solution, Bo . (a) Identification of filled and empty cells and
extraction of Bo . (b) Smoothing of the contour boundaries of Bo .
initiating the search. Irregular hexagonal cells get created at ∂Bo as a consequence of boundary
smoothing which can be analyzed using the isoparametric Wachspress finite elements described
in the appendix. A void in the continuum corresponding to a single hexagonal cell remains the
same in shape albeit its size is reduced as a consequence of this boundary smoothening step.

4.3

Large Deformation Analysis

ψ
t

∂FBo

x

Ωoe at ∂Bo

∂FB

X Ω eo
E3

η
E2

Ω

e3

Bo

e2

E1 Initial, material
configuration

e1
Ω

m

e

b

∂tB

B
Current, spatial
configuration

ξ

master
configuration

Figure 4: Material and spatial descriptions in nonlinear continuum mechanics. The figure
also depicts the relation between the finite elements in the undeformed, deformed and master
configurations
The analysis described below is mainly for an intermediate binary design. For gray scale designs
analyzed within the gradient steps, necessary details are indicated at suitable locations. A
neo Hookean material model is used to simulate large deformation continua undergoing both,
geometrically and materially nonlinear deformation. Let Bo in Fig. 4 be the analyzable binary
design in its un-deformed state resulting from sections 4.1 and 4.2 and let point X ∈ Bo be
described using the material basis Ei . Let ∂Bo be the smoothened boundary of Bo and ∂F Bo be
the fixed boundary. Let B be the deformed state of Bo due to the external tractions t, acting
8

on the boundary ∂t B ∈ B (∂t Bo is the corresponding boundary in the un-deformed state),
and body forces b. During deformation, let point X get mapped to x ∈ B such that x =
ψ(X), where ψ describes this mapping. Point x in B is described using the (current or) spatial
basis ei . The deformation gradient F is defined by
F :=



∂x
=
∂X



∂ψ(X)
∂X

(5)

∀X ∈ Bo and x ∈ B. The strong form (6) description of the mechanical boundary value
problem in spatial coordinate system (e1 , e2 , e3 ) is as follows. Given Bo , b and t, it is required
to determine ψ(X) ∀ X ∈ Bo such that

divσ + ρh b = 0
ψ=0

in B
on ∂F B
t = σn

(6)

ρo
where ρo is the density (mass/volume) of the desired material in the
Here, ρh = ρ(X) detF
reference configuration, ρ(X) is the material state given by Eq. 11, which is evaluated at
the center of the cell Ωh , ∂F B is the fixed boundary, σ is the Cauchy stress tensor and n is
the outward normal at a point on the boundary ∂t B. For binary continua, per section 4.1,
Bo = {ΩH } s.t. ρo (ΩH ) = 1 implying that ρ(X) = 1 ∀ X. For gray scale continua Bo = Ω such
that ρ(X) is given by Eq. (11) where X is the centroid of ΩH . For the examples solved (section
6), body forces are neglected. The divergence in (Eq. 6) is computed with respect to the spatial
coordinates. The weak form of (6), also known as the principle of virtual work, follows as Eq.
(7),

Z
where,

grad(δψ)s

=

grad(δψ)s : σdv =
B

1
2



∂δψ
∂x

+



∂δψ
∂x

T 

Z

δψ · ρbdv +

Z

δψ · tda

(7)

∂t B

B

. The volume element dv and the area element da

correspond to the spatial description. The term on the L.H.S represents the variation in the
internal stored energy while those on the R.H.S relate to variation in the work done due to
external forces. For finite element formulation (standard descriptions can be found in [34; 35;
36; 37]), it helps to relate both, the undeformed and deformed element configurations with the
master element Ωm (Fig. 4) to facilitate volume/area transformations.
Let Je be ∂X , and je be ∂x where ξ = [ξ η] are the coordinates describing Ωm . The deformation
∂ξ
∂ξ
gradient F in a finite element Ωe is then
F = je (Je )−1

(8)

It is assumed that large displacement compliant mechanisms are constituted of very flexible
material and accordingly, a neo Hookean elasticity model [38] is employed to relate Cauchy’s
stress tensor to the deformation gradient. The elasticity potential, Ep can be stated as
Ep =

λ
µ
(Ic − 3) − µln(J) + [lnJ]2
2
2
9

(9)

where µ, λ are the Lame’s constants, Ic is the first invariant of FT F and J = det(F). For binary
topologies, Lame’s constants are computed using the elastic modulus and Poisson’s ratio of the
desired material. For gray scale continua however, the cell’s modulus E = ρ(ΩH )E0 is used
where ρ(ΩH ) is obtained from Eq. (11). Following the standard finite element procedure, the
weak form can be rewritten as
fint (u) = fext

(10)

where the internal forces fint bear a nonlinear dependence on the displacement vector u = x−X
and fext are the external forces. To solve for equilibrium, a force residual f = fint − fext is
constructed and is driven to 0 using the Newton-Raphson (NR) method [34]. The forces and
their gradients (stiffness) are provided in the appendix.
To facilitate the finite element computations, the shape functions of a six-noded isoparametric Wachspress finite element are used (see appendix). A hexagonal cell has been previously
modeled with six triangular finite elements [19] and two bilinear quadrilateral elements [18; 4].
These models can be easily integrated with the proposed design parameterization. First proposed by Wachspress [39], rational interpolants for polygonal finite elements have found recent
use in topology optimization [20; 26; 23; 24; 25]. Some merits of using polygonal finite elements
include (i) greater flexibility in meshing arbitrary geometries via a single algorithm [26], (ii)
better accuracy (higher-order approximation) in numerical solution over triangular and quadrilateral meshes on comparable number of nodes [40], (iii) useful as a transition element [41]
and (iv) less sensitivity to locking (as opposed to 3 node or four node elements that tend to
be stiff) under volume preserving deformation states [40]. Convergence and patch test studies
with Wachspress rational interpolants have been performed in [40]. It is shown that the rate
of convergence of finite elements with Wachspress, Mean Value and Laplace interpolants are
identical (2 in displacement/L2 and 1 in energy norm) as all interpolants are linearly-precise.
Dasgupta [42] remarks that rational shape functions reproduce the rigid body displacements
and constant strain cases exactly. He further concludes that all convex polygonal elements will
pass the patch test [43] for plane stress and plane strain situations.

5

Topology optimization with negative masks: Implementation
details

The primary motivation to use a combined gradient-stochastic search is to obtain perfectly
black and white large displacement topologies in number of evaluations comparable to those
required by a gradient search algorithm. For large displacement continua, stochastic search
takes over when the NR analysis iterations fail to converge for an intermediate gray scale design
in the gradient step. Solutions with failed NR iterations are rejected (a large value is assigned
to fo (v)). This is beneficial as then the overall search is not interrupted. For gradient search,
the Method of Moving Asymptotes (MMA, [33]) is used while for stochastic search, the random
mutation hill climber (RMHC, [23; 24], section 5.3) algorithm is employed.

5.1

Gradient Search

A continuous function that models the material density in a cell is proposed in [25] for use with
negative masks. Though implemented with hexagonal cells, the function is generic and can be
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used with any cell shape (e.g., rectangular or polygonal [26]). The density function employs the
following approximation to the Heaviside like material assignment.

ρ(ΩH ) =

Ma
Y

ρm (ΩH ) + 

(11)

m=1
1
where ρm (ΩH ) = 1+exp(−α(d
is the logistic function that models the contribution of a
Hm −rm ))
mask ΩM in computing the material density of the cell ΩH . Eq. (11) is evaluated only at the
centroids of the hexagonal cells. The exponent α can be fixed or can be increased gradually to
obtain close to 0-1 solutions, Ma is the number of negative masks present (see section 5.4 on
how their number is varied within the search), dHm is the distance between the centers of ΩM
and ΩH , and rm is the radius of ΩM . For significantly large α, if dHm − rm > 0, ρm (ΩH ) ≈ 1
and when dHm − rm < 0, ρm (ΩH ) (and thus ρ(ΩH )) ≈ 0. We say that ΩH ⊂ ΩM if
dHm − rm < 0. Per Eq. (11) therefore, if a cell’s centroid is not encapsulated within any
mask, the cell is filled with material 11 . Otherwise, the material is absorbed by the mask(s)
lying over that cell. Eq. (11) is the regularized and discretized form of Eq. (1). Note that
0 < ρm (ΩH ) < 1 for any α, dHm or rm implying that ρ(ΩH ) as given by Eq. (11) can never
attain a precise state of 0 or 1. In other words, the density function in Eq. (11) will always
yield a gray scale design irrespective of how close it is to the 0-1 topology. A small  > 0 ensures
that the global stiffness k of a gray scale topology stays non-singular throughout the analysis.

When analyzing a gray scale continuum, preprocessing and contour smoothing steps in sections
4.1 and 4.2 respectively are ignored. Large deformation analysis (section 4.3) is performed
directly with Ω as Bo using the material states suggested by Eq. (11). To compute the derivatives
of fo (v) in Eq. (3) so that gradient search can be implemented, the following chain rule is
employed.


N el 
X
∂fo
∂ρ(ΩH )
∂fo
=
∂ζm
∂ρ(ΩH )
∂ζm

(12)

H=1

ζm represents xm , ym or rm (∈ v) corresponding to ΩM , and N el is the number of hexagonal
cells ΩH in Ω, each modeled as Wachspress finite element (see appendix). Computation of
∂ρ(ΩH ) ∂ρ(ΩH )
∂fo
H)
and ∂ρ(Ω
are
∂xm ,
∂ym
∂rm
∂ρ(ΩH ) is performed in section 6 for various objectives used.
obtained as below.



∂ρ(ΩH )
αexp(−α {dHm − rm })
xm − xH
= ρ(ΩH )
∂xm
1 + exp(−α {dHm − rm }) dHm + 1



∂ρ(ΩH )
αexp(−α {dHm − rm })
ym − yH
= ρ(ΩH )
∂ym
1 + exp(−α {dHm − rm }) dHm + 1


∂ρ(ΩH )
αexp(−α {dHm − rm })
= −ρ(ΩH )
∂rm
1 + exp(−α {dHm − rm })
A very small (¿ 0) 1 is introduced in Eqs. (15) per [25] to ensure that
and are uniquely determined as dHm → 0.
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∂ρ(ΩH )
∂xm

(13)
(14)
(15)

and

∂ρ(ΩH )
∂ym

exist

Depending on α and the proximity of a mask’s perimeter to the center of ΩH , ρ(ΩH ) may be ≈ 1 (near filled
state) or ¡ 1 (gray state).
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5.2

Mask shrinkage

Due to the density function used (Eq. 11), the topology resulting after the gradient search is
such that gray cells always exist near mask perimeters. This is irrespective of whether a gray
cell’s centroid is inside or outside a mask. Within the stochastic search (section 5.3), only cells
that are outside the mask perimeters are assigned the filled states. Thus, some gray cells critical
to the connectivity of the continuum may be lost when transiting from the gradient step to the
stochastic search. The entire search effort made within the gradient step will be futile if such
cells are not retrieved. To recover such cells, only the radii of the masks are uniformly reduced
by rsh , keeping the mask positions intact12 . Compared to the gray scale design, the resulting
topological changes are not significant. Only some gray ΩH whose centers are near and inside
the perimeter(s) of the mask(s) get converted to their desired filled states.
The amount rsh by which masks are to be shrunk is not known beforehand. It is conjectured
that the maximum reduction max(rsh ) in the mask radii should be comparable to the critical
mesh size, e.g., the radius rc of the circle circumscribing ΩH . This limit seems adequate to
permit the centers of some gray cells to exist outside the boundaries of the corresponding masks
so that such cells turn ’black’. However, the best 0-1 design in terms of the objective values
may not correspond to rsh = rc but rather to some rsh < rc (and ≥ 0). Here, therefore, after
the masks are positioned and sized via the gradient search and the corresponding binary design
B2 is evaluated (see Fig 2), masks are further shrunk in five steps. The best binary design Bb
is chosen as follows:
1. Let v be the vector of decision variables after the gradient search.
2. In each step j (j = 3, . . . , 7), rm ∈ v is reduced such that rm = rm − 0.05(j − 2)rc .
3. Let Bj (j = 2, . . . , 7) represent the corresponding binary designs and let fj be their
respective objective values. Note that B2 is the binary design corresponding to rsh = 0.
4. Then Bb ≡ best(Bj ) for which fb = min(fj )13 .
The reductions rsh in mask radii in the five steps are respectively 0.05rc , 0.15rc , 0.3rc , 0.5rc ,
and 0.75rc . Thus, both small and large shrinkage options are considered. For a chosen cell size,
the binary design Bb or B2 (Fig 2), whichever is better, is carried over to the stochastic search.
Though five reduction steps are implemented, one can employ less or more number of such
steps. One can even allow rsh to exceed the critical dimension rc . The number of evaluations
of the binary designs will depend on the number of mask shrinkage steps used.

5.3

Stochastic Search

A random mutation hill climber (RMHC) algorithm similar to that in [23; 24] is employed
for the stochastic search. This procedure has been shown previously to yield perfectly binary
topologies for small deformation continua. However, the number of evaluations required is
quite large (> 2000). With assistance from the higher order search step, design evaluations are
deemed to reduce significantly. Let c represent a variable from v ≡ {xm , ym , rm } ∀ ΩM . Let
cL and cU be the lower and upper gage limits on c. A mutated value cn of c is sought such that
12
One can alternatively reduce the radii of certain selected masks that are critical to the loss of connectivity.
Finding such masks may be algorithmically difficult and may require many design evaluations
13
For the examples solved, fj contains penalty terms if any of the constraints in the formulation is violated.

12

cn = c ± (cU − cL )exp(a + rb)

(16)

where a and b are fixed parameters (e.g., −8 and 9 respectively; with these values, both large and
small mutations in c are possible) and r is a random number generated every time this mutation
is performed. The sign ’+’ or ’−’ is chosen probabilistically. If some random r1 (∈ [0, 1]) > 0.5,
the change (cU − cL )exp(a + rb) is added to c; else, it is subtracted. Mutations corresponding
to Eq. (16) are performed with a rate mutr (≈ 8%). Small mutation rates are used so that the
RMHC algorithm does not degenerate to a random search. For some random r2 , if r2 < mutr ,
c is mutated to cn . Thereafter, cL ≤ cn ≤ cU is ensured. Thus, not all but some mask
variables in the current design v are altered to get a new set v0 . fo (v0 ) is computed (section 4)
and if fo (v0 ) < fo (v), v0 is accepted over v; else, v is retained and the sequence of mutations is
continued.
Three different mutation schemes are performed pertaining to Eq. (16). In the first, variables
from v are randomly chosen and mutated with mutr = 8%. In the second, a few ΩM are
randomly chosen and all their variables {xm , ym , rm } are altered. In the third, more masks
are chosen (mutr = 20%) and all their variables are changed by a characteristic dimension rc .
The number of stochastic search steps can be set by the user. Alternatively, when designing
large displacement compliant continua, these steps can be performed till an intermediate binary
design is obtained for which the NR ietrations converge, and thereafter, the gradient search can
be initiated.

5.4

Update of Masks

An additional advantage with the stochastic step is the possibility of adding/deleting the masks
so that each mask is effectively utilized in topology optimization. Their actual number is not
known a priori and is specified by the user in the initial stage. A small number of masks
will yield underdeveloped topologies and a large number will be overkill. Additional masks,
if required, should be introduced such that an intermediate design is not altered. Redundant
masks should be deleted.
There are only two possibilities to add masks so that an intermediate solution remains unchanged: (i) to precisely superpose new masks over the existing ones (e.g., two additional
masks shown as dashed circles in Fig. 5 b superpose the respective ones in Fig. 5 a) or (ii)
to introduce masks within other masks. The second option is not suitable as such masks are
classified as redundant and removed during mask deletion as explained below14 . Any other way
of introducing new masks will alter the topology. Redundant negative masks are those that do
not contribute in material removal directly, for instance, the dashed masks in Fig. 5 (c). This
is because the enclosing masks perform that task. There can be cases of a mask lying over a
group of masks that may have drained the material previously making this mask ineffective.
All such masks are removed. The procedure of mask addition/deletion causes the size of the
decision variable vector v to vary as the search algorithm progresses. This is briefed below.
5.4.1

Mask addition

1. A random number s(0 < s < smax ) (here, smax = 10) of the masks to be added is
generated.
14
One can also give such masks a ’lifetime’ after which they can be removed. This approach will require
additional ’book keeping.’
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ΩH

∂ΩI

ΩH

∂ΩI

ΩM

ΩM

∂ΩO

∂ΩF

∂ΩO

∂ΩF

∆

(a)

(b)

ΩH

∂ΩI

∆

g

ΩM
∂ΩO

∂ΩF
(c)

∆

Figure 5: (a) An intermediate case of mask placement, (b) mask addition, (c) mask deletion
e of size 3(Ma + s) is initialized. The first 3Ma variables of v
e are identical to those of v.
2. v

3. From existing Ma masks, s masks are chosen randomly and the corresponding design
e.15
parameters (center coordinates and radii) are assigned to the last 3s variables of v

e0 ← v
e. v
e0 is mutated via Eq. (16) so that the positions/sizes of some new masks are
4. v
altered by rc .
e0 ). v
e0 is better if fo (e
5. v ← best(e
v, v
v0 ) < fo (e
v).

5.4.2

Mask deletion

1. The t masks to be deleted are identified. (i) A mask p encapsulated within any mask
q is flagged for deletion. (ii) Before processing mask p, if ρ(ΩH ) = 0 ∀ ΩH ⊂ ΩM =p
is satisfied, this mask is redundant and hence is flagged for deletion. Note that case (i)
checks explicitly for the masks enclosed within other masks. In case (ii), the material
status of all cells enclosed within the pth mask is determined prior to its processing. If
these cells are already void, then the pth mask is ineffective and therefore removed.
2. v is updated to be of size 3(Ma + s − t) so that the t flagged masks are ignored.
Post mask addition and deletion, per Fig 2, gradient search is initiated if the number of iterations
N ¡ pre- specified N ∗ .
15
e then contains s newly added negative masks superposed precisely over the s (randomly chosen) existing
v
ones (Fig. 5b)
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Numerical results
L
0.44L

0.60L

L = 104mm

1.33P
P = 30N
(a) Beam 1

(b) Beam 2

∆

0.14L

0.60L

R = 3N

1.33P
(c) Beam 3

0.50L

0.70L

L

(d) Gripper

1.33P

0.24L

0.30L

0.67L

1.33P

R

∆

(e) Inverter

Figure 6: (a)-(c) Specifications for three stiff beams. (d) Specifications for a large displacement
compliant gripper (top symmetric half). (e) Specifications for a large displacement compliant
inverter (top symmetric half). All stiff beams are designed for Eo = 1.69 × 105 N mm−2 and
Poisson’s ratio as 0.29. For Beam 1 problem, masks are varied within the area 112mm×53.5mm,
while for the Beam 2 and Beam 3 problems, regions of size 112mm × 70mm are used. For the
gripper and inverter examples in (d) and (e), force inputs are shown using the arrows at the
bottom left corner, desired output displacements are shown with arrows marked with ∆ and
reaction forces are denoted by arrows marked by R.
Topology optimization with negative masks is illustrated using the combined gradient-stochastic
search via examples on stiff beams (Figs. 6a-c) and large displacement compliant mechanisms
(Figs 6d-e). All stiff beam problems are solved using the small deformation plane stress assumption. The compliant gripper is designed using the large deformation plane strain assumption.
Stiff beam examples are used as benchmark problems to perform investigations on (i) the use of
single/multiple gradient and stochastic steps, (ii) effect of the exponent α chosen for the gradient steps, and (iii) influence of slev on contour smoothing for different mesh sizes and specified
∗ ≤ 0, with
initial number of masks. Stiff beams are sought under the resource constraint V −VP
el
a standard formulation which involves minimizing the strain energy, SE. V = N1el N
H=1 ρ(ΩH )
is the volume fraction (V = 0 if all ρ(ΩH ) = 0 and V = 1 if all ρ(ΩH ) = 1) of the continuum
and 0 < V ∗ < 1 is the user specified upper bound on it. For stochastic steps in the proposed
topology search, volume constraint is imposed by penalizing the objective. Hence, per Eq. (3),
fo (v) is taken as
15

(
SE,
fo (v) =
SE + Λ(V − V ∗ ),

if V − V ∗ ≤ 0
if V − V ∗ > 0

(17)

That is, upon the violation of the volume constraint, a penalty Λ(V − V ∗ ) is imposed on the
objective (Λ = 100N mm for the examples here). For consistency, Eq. (17) is used the mask
shrinkage stages and in gradient steps though the volume constraint is imposed explicitly. The
strain energy SE is given by
SE =

Z

(18)

Ep dV

Bo

For small deformation problems, SE takes the form
1
SE =
2

Z

 : C : dV ≈
Bo

1 T
u ku
2

(19)

where u is the overall displacement vector as a response to the input loads and k is the global
stiffness matrix of the corresponding finite element discretization. k results from the finite
element assembly of the stiffness matrices ke of all cells. Each ke is proportional to the modulus
of the cell in that ke = ρ(ΩH )koe where koe is the stiffness of a ’solid’ cell with modulus Eo . For
the gradient search, derivatives of fo (v) in Eq. (19), as required by Eq. (12), are computed as
∂fo (v)
=
∂ρ(ΩH )

(20)

Objective
MMA gradient step
RMHC stochastic step
Volume fraction

2
1

log[ SE + 100(V - 0.3)]

(
bA
b TA koe u
− 12 u
V −V∗ ≤ 0
bA + Λ V − V ∗ > 0
b TA koe u
− 21 u

0
-1
-2
-3
-4
0

A

B

C D

E F

I

G
H

100
200
300
400
Number of Design Evaluations

J

500

Figure 7: Convergence history for the Beam 1 problem. Gray scale design evaluations are shown
using ’o’ while binary design evaluations are depicted by ’*’. SE is in Nmm while the volume
fraction V is unitless.
b A are the nodal displacements of the finite element ΩH . The regions in Figs 6 (a-c) are
Here, u
discretized using 1785, 2440 and 2440 hexagonal cells respectively. Coarse meshes are chosen
for illustrative purposes. V ∗ = 30% is used in the resource constraint. In all three cases,
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the combined gradient-stochastic search is initiated with 100 uniformly placed masks. The
maximum mask radius for the Beam 1 problem is set to 16 mm while for the other two problems,
it is set to 21 mm. All binary designs are evaluated with the smoothing parameter slev = 6
(section 4.2). The solutions are known to be symmetric for the Beam 1 and Beam 2 problems.
For such problems, the derivatives are symmetric if the initial guess or an intermediate solution
is symmetric. The gradient search is thus guided by these derivatives maintaining symmetry
in the topologies throughout. However, within the stochastic steps, no such information is
implicitly available. Masks are therefore required to be mutated symmetrically. This is done
via symmetric mutations described in [23; 24]. Such mutations are performed explicitly since,
with random mutations, attaining symmetry in design variables is usually not possible within
limited computational effort. For all Beam problems, 80 design evaluations are performed in
a single gradient step while about 20 evaluations are performed within each stochastic step.
Within the gradient step, for Beam 1 and Beam 2 problems, the exponent α in Eq. (11) is set
to 4. For the Beam 3 problem, α = 8 is used. Specifying α is not required for the stochastic
steps since binary solutions get evaluated and modified directly. Benchmarking investigations
are mainly performed with the Beam 1 problem.

B(1,1)

B(1,2)

B(1,3)

B(2,1)

B(2,2)

B(2,3)

B(3,1)

B(3,2)

B(3,3)

B(4,1)

B(4,2)

B(4,3)

B(5,1)
Gray scale solutions
after gradient steps

B(5,2)
Binary solutions
before stochastic steps

B(5,3)
Binary solutions
after stochastic steps

Final topology for the Beam 1 problem for smoothing parameter slev = 6

Figure 8: Solution history for the Beam 1 problem; Solutions are not shown with smoothened
boundaries although those in columns 2 and 3 are all evaluated after boundary smoothing
(slev = 6). The undulations in the contours of the final topology result from the discretization
scheme used. They can be reduced by using larger values of the smoothing parameter (section
6.3). The disconnected regions in some solutions (column 3) are removed before the binary
topologies are evaluated (section 4.1)
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Fig 7 shows the variation of log[SE + (V − V ∗ )] (Λ = 100N mm) and the volume fraction
of the continuum as the topology for Beam 1 evolves (Fig. 8). Circles ’o’ correspond to the
gray designs evaluated within the gradient steps while stars ’*’ relate to the perfectly binary
designs evaluated within the stochastic steps. The dotted line depicts the changes in the volume
fraction. In Fig. 8, the evolution history of the Beam 1 solution is shown via topologies in a
5 × 3 arrangement (henceforth referred to as B(i, j); ith row, jth column). The left column
(top to bottom) in the figure shows solutions immediately after the accomplishment of MMA
gradient step. Those in the middle column pertain to the 0-1 solutions before mask shrinking
and therefore, before the start of the stochastic search. In the right column are the binary
topologies that result after each stochastic step. Fig 9 depicts the solutions in Fig 8 in the
same order with negative masks overlaid. From Fig. 7, the objective values for the binary
solutions (’*’) around 300, 400 and 500 evaluations do not vary much. From the viewpoint of
a performance evaluation criterion, this suggests that convergence in the stiff beam topology is
achieved. This is also pictorially observed through the solutions B(3, 3), B(4, 3) and B(5, 3) in
Fig. 8.

B(1,1)

B(1,2)

B(1,3)

B(2,1)

B(2,2)

B(2,3)

B(3,1)

B(3,2)

B(3,3)

B(4,1)

B(4,2)

B(4,3)

B(5,1)

B(5,2)

B(5,3)

Figure 9: All solutions in Fig. 8 with negative masks overlaid
The circle at point A in Fig 7 corresponds to solution B(1, 1) while the ’*’ at A relates to
B(1, 2) in Fig 8. B(1, 1) is the gray scale solution at the end of the gradient step. B(1, 2) is
the 0-1 solution at the beginning of the first stochastic step. The density function in Eq. (11)
is such that the cell ΩH is gray if its center is close to the perimeter of a mask ΩM . This is
irrespective of whether the center of ΩH is inside or outside ΩM . Within the stochastic step,
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however, only those ΩH outside ΩM are considered ’black.’ The rest are all deemed empty.
Thus, B(1, 2) contains only those cells whose centers are outside the masks. Mask shrinking
(section 5.2) is ineffective for this solution since it increases the volume of the continuum and
hence the objective value. As some gray cells are ignored, a slight increase in the function value
is observed (A ’*’ in Fig. 7). B(1, 3) (B ’*’) is not significantly different from B(1, 2) in topology
but for the presence of some islands. Also, the objective for B(1, 3) is comparatively lower. The
dangling regions or the islands get eliminated (see section 4.1) in the pre-processing stage just
before boundary smoothing is performed. Similarly, islands in B(4, 3) and other solutions, if
present, are all ignored when evaluating the objective or volume constraint. Solution B(2, 1)
(point C ’o’) offers a slight improvement over B(1, 1) and so does its corresponding 0-1 version
B(2, 2) over B(1, 2). Thus, B(2, 2) is chosen over B(1, 2). Likewise, B(3, 2) (E ’*’) is chosen
over B(2, 2) (C ’*’). Ignoring the islands in B(4, 3), topologies in the third, fourth and fifth rows
are identical. There is a steep increase in the function value (compare H ’*’ and H ’o’ in Fig
7) which is due to the decrease in the volume fraction below the allowable limit which increases
the strain energy as expected. This is because some ’black’ cells near the mask boundaries
turn gray when the search switches from the stochastic to the gradient step. Similar is the
case with the values of the objective at B (’*’ and ’o’). The final topology with smoothened
boundary is shown in Fig 8 (bottom). The parent honeycomb mesh is also shown. As a result
of boundary smoothing, many nodes constituting the contours of the topology that are initially
at the vertices of the regular hexagonal cell s get altered in position. It is also observed from
Fig 7 that the difference between the objective values from gray scale and 0-1 designs decreases
as the search progresses towards its culmination.
5
log [SE + 100(V - 0.3) ]
Gradient step
Objective after post processing
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Figure 10: Beam 1 problem solved using a single gradient step followed by post processing
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6.1

Single vs. multiple gradient and stochastic steps

The question pertaining to small deformation continua whether gradient and stochastic steps
should be used multiple times, or whether a solution resulting from a single gradient search
should be post processed through one stochastic step is addressed next. Use of a simple post
processing step to convert a gray scale solution into the corresponding 0-1 topology may not
actually be proper. This is because the discrepancy between the function values corresponding
to the gray scale and binary designs can be large. E.g., solutions B(1, 1) in Fig. 8 (A ’o’ in
Fig 7) and B(1, 2) (A ’*’) differ notably in the objective values. The function value for the
gray scale design is lower than that for the respective binary one. Further, members having
gray cells in B(1, 1) are seen disintegrated in B(1, 2). The observations are similar for solutions
B(2, 1) and B(2, 2) (C ’o’ and C ’*’ in Fig. 7). From B(3, 1) onwards the trend is contrary.
The function values for the 0-1 solutions are lower than those for the corresponding gray scale
ones (e.g., regions E, G and I in Fig. 7) though this difference is not as large. Observing
points E through J, during the stochastic steps, negative masks tend to adjust in position and
size to reduce the functional discrepancy (especially in the volume fraction) between the gray
scale and binary designs. The adjustment is such that the centers of the filled cells (”gray” or
”black”) lie outside the mask boundaries, while those of the void cells are inside but not very
close to the mask perimeters. Thus, between the two approaches that use (i) a single gradient
step followed by 0-1 post processing and (ii) a sequence of gradient and stochastic steps, the
latter is more likely to yield 0-1 designs that are proximal in performance to the corresponding
gray scale topologies. This is established by solving the Beam 1 problem again with only a
single gradient step that uses about 400 evaluations. The function history, gray scale, binary
and smoothened designs are shown in Fig. 10. The solution is similar in topology to B(1, 1)
in Fig 8. The binary post processed design has a higher value of the objective compared to
the corresponding gray scale design. This is because many gray cells in the solution become
”black” while some turn ”white” which results in slight increase in the overall volume (inset in
Fig. 12). Mask shrinkage further violates the resource constraint. Appendages or spikes in the
inner members of the smoothened version are manifestations of the removal of many gray cells
that, within the gradient step, appear to form a well-defined feature. One may also note that
when using multiple gradient and stochastic steps, lowering of the difference in function values
between the gray scale and 0-1 designs is accompanied by the topological change in the solution
(compare B(1, 1) and B(5, 1) in Fig. 7).

6.2

Influence of α

The value of exponent α (Eq. 11) used in the gradient steps influences the solutions in that
the topological features can change with it. Figs 11 (a-b) depict the solutions to the Beam 1
problem with α = 4 and 6 respectively. In the second case, there exist five holes in the topology
as opposed to three holes in the first case. Recall that a high α in Eq. 11 approximates the
Heaviside step function closely. To determine whether this dependence of topological features
on parametric values is peculiar to the proposed method, or if other methods exhibit such
dependence as well, Beam 1 problem is solved with the SIMP approach [44]. The aim is not to
compare the proposed method and SIMP in terms of performance or quality of solutions, but
to illustrate that obtaining different designs for different parameter settings is not uncommon.
It is found that SIMP with different parameters like the penalization exponent (large values
encourage 0-1 solutions), filter radius (used to suppress checkerboards) and filter type yields
different topologies with the same mesh. This is illustrated via Figs 11 (c-d) obtained using the
88 line Matlab code in [44]. The solutions are generated with a much finer 100 × 50 rectangular
mesh. The sub captions show the command line prompts used in Matlab. The fourth, fifth and
20

(a) Combined gradient-stochastic search: α = 4, slev = 6

(c) SIMP: top88(100,50,0.3,3,3,1)

(b) Combined gradient-stochastic search: α = 6, slev = 6

(d) SIMP: top88(100,50,0.3,5,2,1)

Figure 11: Influence of various parameters on the solution topologies. Figures on the left and
right columns of the same row are identical in topologies
sixth arguments correspond respectively to the values of the penalization exponent, filter radius
and filter types used.

6.3

Influence of slev on contour smoothing

The topologies of the Beam 1 problem obtained with the combined gradient-stochastic search
(Figs 8, 11a- c) are all perfectly binary albeit there exist some undulations in the continuum
boundaries. Reasons for these ripples can be the nature of the hexagonal tessellation, less
number of masks employed and use of coarse mesh sizes. ’V’ notches are bound to appear
on the continuum boundaries with the hexagonal cells modeling the design region. Contour
smoothing described in section 4.2 helps moderate these notches. The Beam 1 problem is resolved with 200 masks to investigate whether large number of masks and/or large values of slev
can curtail the undulations. The mesh size is kept fixed with 1785 cells. Figs 12 (a-d) show the
final solutions with different levels of smoothing employed. For slev = 6 (smoothing performed
6 times), ripples are observed (Fig 12a). Further, when compared with the solution in Figs
8 and 11 (b), the contours in the topology of Fig 12 (a) seem equally uneven. This suggests
that increasing the number of masks for this example does not contribute much in smoothing
the contours. However, with larger values of slev , boundaries become more even (Figs 12 b
through d). For slev as high as 22, a much smoother boundary is seen even when a coarse mesh
models the design region. Increasing slev also results in marginal decrease in the values of the
strain energy. Next, Beam 1 topologies are sought (Figs 12 e-f) for a fine mesh (around 5000
hexagonal cells) with 100 masks and α = 4 to determine whether mesh size plays any role in
contour smoothing. Here as well, undulations are observed for smaller values of slev which get
leveled as slev is increased. Mesh fineness also therefore does not contribute much in contour
smoothening. Topologies for the Beam 2 and Beam 3 problems are shown in Figs 12(g) and (h)
for slev = 18 and 20 respectively. All solutions are perfectly ”black and white” and devoid of any
connectivity singularities. Further, notch-free boundary contours are observed for large slev . To
this end, it is noted that notwithstanding the quality, (minor undulations in the contours exist
which get suppressed when higher values of slev are used) the final topologies of the stiff beam
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problems in Figs. 8-12 resemble well with the corresponding standard solutions available in the
literature.

(a)slev = 6; SE = 0.0209

(b) slev = 10; SE = 0.0204

(c)slev = 16; SE = 0.0199

(d) slev = 22; SE = 0.0190

(e)slev = 10; SE = 0.022

(f) slev = 22; SE = 0.021

(h) Beam 2 topology; slev = 22

(g) Beam 2 topology; slev = 18

Figure 12: (a-d) Beam 1 example with coarse mesh (1785 cells, α = 4 for the gradient step,
200 masks). (e-f) Beam 1 solutions with fine mesh (4950 cells, α = 2 for the gradient step, 100
masks). The contours get smoothened significantly if high values of smoothing parameter slev
are used. All SE values are in Nmm. (g) and (h): Beam 2 (2440 cells, α = 4) and Beam 3
(2440 cells, α = 8) solutions with large slev . All ”black and white” and smoothened solutions
are superposed over the respective parent honeycomb meshes to distinguish between the levels
of contour smoothing achieved.

6.4

Large deformation Compliant Mechanisms

The capability of the combined gradient-stochastic algorithm to synthesize ”black and white”
large displacement continua through uninterrupted search is illustrated next. Many formulations
to synthesize large displacement compliant mechanisms are well documented (e.g.,[6], [32]).
Here, we use the simplest objective — to maximize the output deformation along a prescribed
direction under a volume constraint (see Fig 1). The goal is not to suggest a new formulation
but to illustrate how the proposed search algorithm performs. Information related to local stress
constraints or upper bound on strain energy is not used. Instead, a constant reaction force is
employed at the output to facilitate connection between the input, output and fixed boundaries.
In terms of the (large) displacement vector u, the output displacement ∆ can be expressed as
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fo (v) = −∆ = −Tu

(21)

where T is a row vector of size 1 × 2N no such that T2i−1 = T2i = 0 if i 6= pdof . pdof is the
prescribed node with the desired displacement. For i = pdof , T2i−1 and T2i contain the cosines
of the desired direction.
Within the gradient step, the sensitivities can be computed using the chain rule as in Eq. (12).
o ((v))
−∂∆
∂u
To compute ∂f
∂ρ(ΩH ) = ∂ρ(ΩH ) = −T ∂ρ(ΩH ) , condition for equilibrium as expressed via Eq. (10)
can be used. We have
∂(f )
∂f ∂(u)
d(f )
=
+
=0
dρ(ΩH )
∂ρ(ΩH ) ∂u ∂ρ(ΩH )

(22)

 −1
∂(u)
∂f
∂(f )
=−
∂ρ(ΩH )
∂u
∂ρ(ΩH )

(23)

which yields

where

∂(f )
∂ρ(ΩH )

∂(fint )
∂ρ(ΩH ) .

=

∂(fint )
∂ρ(ΩH )

−

∂(fext )
∂ρ(ΩH ) .

Assuming that fext is independent of u and ρ(ΩH ),

∂(f )
∂ρ(ΩH )

=

Thus


∂fint −1 ∂(f )
∂(u)
=−
∂ρ(ΩH )
∂u
∂ρ(ΩH )

(24)

R
e
∂fint
∂σV
T ∂σV
=
From Eq. 31 (see appendix), ∂ρ(Ω
Ωe (BU L ) ∂ρ(ΩH ) dv where ∂ρ(ΩH ) can be computed
)
H
using Eq. (9) noting that only the elastic modulus and hence the Lame’s constants λ and µ are
∂f e
to be differentiated with respect to ρ(ΩH ) for that cell. Note that ∂ρ(ΩintH ) = 0 if ΩH 6≡ Ωe .
∂fint
∂ρ(ΩH )

is assembled from

e
∂fint
∂ρ(ΩH )

e . We finally have
the same way as fint is assembled using fint

 −1
∂f
∂fint
∂u
∂fint
∂∆
=T
= −T
= −T [k]−1
∂ρ(ΩH )
∂ρ(ΩH )
∂u
∂ρ(ΩH )
∂ρ(ΩH )

(25)

which is to be evaluated after the nonlinear analysis is accomplished. T[k]−1 is the solution to
the equation kpT = TT for p which is to be determined only once. Eq. (25) represents both
the direct differentiation [45] and the adjoint [32] forms. Within the non-gradient steps, the
derivatives in Eq. (25) are not required.
Topology optimization for a ”binary” large displacement gripper is performed next with combined gradient-stochastic optimization. The region in Fig 6 (d) is of size 75.25mm × 51.9mm
and modeled using 1305 hexagonal cells and 2769 nodes. The gripper is to be actuated by a
force P of 40 N such that the displacement ∆ is maximized. A constant reaction force R of 3N
models the interaction with the work piece. Elastic modulus and Poisson’s ratio are taken as
100N mm−2 and 0.29 respectively. Permitted volume fraction V ∗ is 30%. Like in Eq. (17), the
formulation in Eq. (21) is modified to include the penalty term in case the resource constraint
is violated. This modified objective is used in both gradient and stochastic steps, though in
the former, the volume constraint is imposed explicitly. Within a gradient step, material assignment is modeled via Eq. (11) with α = 4, and a maximum of 40 design evaluations are
permitted. For a candidate gray scale design if the Newton-Raphson iterations do not converge,
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the search is switched to the stochastic step. About 40 evaluations are performed therein as
well. Note that these evaluations can be reduced by switching to the gradient step once an
NR converged topology is available within the stochastic search. Binary designs that do not
exhibit convergence in displacements are penalized. The search is initiated with 144 masks.
Negative masks are both, added and deleted as the search progresses. Masks are placed within
an area of 79.25mm×59.9mm which is larger than the size of the region so that some masks can
exist outside. The maximum permitted mask radius is 18 mm and the minimum is 0 mm. All
intermediate binary designs are evaluated after contour smoothing is performed with slev = 10.
A high slev is used per the observation in Fig 12. The overall search is continued till about 300
design evaluations (comparable to those required in a gradient-only search) are performed.
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Figure 13: Search history for the large displacement compliant gripper. The stars ’*’ include
the function evaluations made in the 5 mask-shrinkage steps that are performed each time a
transition is made from gradient to stochastic search
The search history for compliant gripper is depicted in Fig 13. The vertical axis shows the
variation (lowering) of the objective −∆ + Λ(V − V ∗ ) (Λ = 100mm) with the number of
evaluations as the gripper evolves. The circles ’o’ correspond to the gray scale designs evaluated
within the gradient search. The stars ’*’ relate to the smoothened binary designs appraised
within the stochastic steps. The squares ’’ represent intermediate gray scale and binary
designs for which equilibrium in Eq. (10) is not achieved in the Newton-Raphson iterations.
Such designs are penalized in the algorithm (their function values are much larger), though they
are shown with the objective values from the respective previously NR-converged designs. This
is done to prevent many spikes from appearing in the figure to facilitate easier interpretation.
Variation in the number of masks is also depicted (scaled by 4) through the dotted line in Fig
13.
Unlike the Beam 1 example wherein the gradient search contributes significantly in topology
determination (Fig 7), herein, the zero order search plays a key role in the overall search. Within
the first 20 evaluations itself (Fig. 13), a non-convergent gray scale design ’’ is encountered
in the gradient step. The search is switched to the stochastic step that lowers the objective.
Quite a number of non-convergent designs are seen within the stochastic search thereafter,
which are rejected via penalization. Gradient search in the second step close to 50 evaluations
reduces the objective slightly (see inset, top). Thereafter, there is a steep decrease in the
objective value of the resulting binary design. After about 60 evaluations, the function values
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are lowered gradually and mainly within the RMHC stochastic search steps. Newton-Raphson
non-convergent gray scale designs are frequently (and at times very early) observed within the
gradient steps. Many intermediate designs that do not attain equilibrium in large deformation
analysis are seen within the stochastic steps as well, but they are all circumvented. That is,
such a design is discarded and the search is continued with the previous best solution. However,
evaluations of such designs are noted. Close to 300 design evaluations, the available gripper
design undergoes an output displacement of 9.94 mm. This is about 20% of the width (51.9mm)
of the design region in Fig 6 (d) indicating the extent to which large deformation is achieved.
As the number of stochastic steps involved in the combined search is large, mask addition and
deletion are performed more prominently. Close to the culmination of the search, about 55
masks are engaged in topology determination. This is much less than the initial number (144)
of masks used. For the Beam 1 example in Figure 10, in contrast, very few masks (6 out of 100)
are found redundant.
The overall topology search for the 0-1 large displacement gripper is uninterrupted. This may
not have been so if only gradient search was employed. In that case, per Fig 13, the search may
have been impeded within the first 20 evaluations itself. In all the eight gradient steps used,
non-convergent gray scale designs are encountered very early in the steps. Methods like those
in [30; 31; 32] can be employed with the proposed method to prevent frequent appearance of
the displacement non-convergent topologies within the search. However, none of these guarantee convergence of the Newton-Raphson iterations for any generic intermediate (binary/gray
scale) topology. In essence, gradient-only approaches for topology design of large displacement
continua can stall which underscores that combining gradient search with function based optimization can be important when seeking such topologies. Gradient search itself plays a key
role in evolving such designs in as less evaluations as possible, as in this example. Additionally,
stochastic steps permit evaluation of perfectly ”binary” and smooth designs. One may get the
impression that binary solutions are less prone to non-convergence in the Newton-Raphson iterations than the gray scale designs since the void/gray regions are not modeled in the former.
However, observing from Fig. 13 (squares), Newton-Raphson iterations fail to converge for
many intermediate binary solutions.
The binary, un-smooth16 , top symmetric half of the large displacement gripper is shown in Fig
14 (a). Negative masks are also laid over the topology to illustrate their positions and sizes, and
material removal from the hexagonal cells beneath them. A quick inspection reveals that about
6 masks, two of which have radii close to zero (close to the left edge of the region), and the other
four that lie outside the design region (bottom right) are still redundant. Further improvement
in the design in Fig 14 (a) may be possible if more design evaluations are permitted. However,
from Fig 13, the value of the objective does not change in the last close to 125 of the total 300
evaluations permitted. This may be construed as attaining convergence (in design) from the
viewpoint of a performance based termination criterion. The final ”black and white” gripper
design with smoothened contours (slev = 10) is shown in Fig 14 (b). Its deformed configuration
is depicted in Fig 14 (c).
Dependence of the desired output displacement on the actuation force is depicted in Fig 15.
Displaced configurations of the gripper are also shown. The reaction force is assumed to be
absent for the un-actuated state of the gripper. Thereafter, it is assumed constant. The desired
output displacement dips initially due to the presence of this reaction force. For input force
ranging from 4-36 N, (configurations ’A’-’I’ in the figure) there exists a slight curvature in the
plot suggesting that the continuum stiffness increases marginally as the latter deforms. After
the ’I’th configuration (P = 36 N) however, the stiffness reduces. The net output deformation
is quite large (about 20% of the region’s width). A constant value of the output force does not
16

Note that within the stochastic steps, it is the smoothened continua that are evaluated
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(a)

(b)

(c)

Figure 14: Large displacement 0-1 gripper evolved with the combined gradient stochastic search
in 300 evaluations. (a) Perfectly binary, unsmooth, top symmetric half of the gripper with 55
negative masks overlaid. The search was initialized with 144 masks. (b) The final single-material
gripper with smoothened contours (slev = 10) and (c) its deformed state.
reflect true interaction between the gripper and the work piece. To simulate such physical interactions, large deformation finite element modeling with contact [38] is essential implementing
which is one of the aims in future work.
From the repeatability viewpoint, the proposed method can yield different solutions for large
deformation continua synthesized with the same specifications. The overall search can depend
on how the intermediate stochastic and gradient search steps perform. Accordingly, the computational expense may be less or significantly high. Occasionally, the proposed method may
not yield a desired solution within the stipulated computational effort. These aspects are elucidated via the large displacement compliant inverter example in Fig. 8 (e). For illustrative
purpose, a coarse mesh of 790 hexagonal cells (1580 quadrilaterals if a hexagonal cell is split
into two) is chosen. A total of five cases are executed out of which three cases yield the desired
topologies. In the other two cases (solutions not shown), desired deformation was not obtained
within stipulated 300 design evaluations. Fig. 16 depicts the deformed configurations of the
three resulting inverter solutions and the respective convergence histories. Of these three, the
topology in case 3 is stiffer while in the other two cases, the desired output deformations of 6.7
mm (case 1) and 6.1 mm (case 2) are obtained. These are quite large and close to 20% of the
width of the region chosen. Note that the fixed boundaries chosen by the procedure for the
topology in case 3 are different from those of the first two cases. In case 3, the gradient steps
(’o’) barely contribute in optimization whereas their active participation is noted in cases 1 and
2. In fact in case 2, the gradient steps contribute twice in lowering the objective. For cases 1
and 2, the objective values of Newton-Raphson convergent designs (’*’) remain constant in the
last 100 evaluations. With respect to a performance based termination criterion, this suggests
convergence in design in cases 1 and 2. In case 3 however, the objective continues to lower in
value suggesting that many design evaluations may further be required to improve the solution.
This example serves to illustrate that multiple binary solutions, if existing in the design space,
can be obtained by the proposed procedure. In contrast, any given attempt may not necessarily
yield a desired topology.
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Figure 15: The load (input) displacement (output) history of the large displacement compliant
gripper in Fig 14. Intermediate deformed configurations (’A’ - ’J’) are also shown. The output
displacements are computed at 4 N intervals of the input force.
For large deformation continua, the proposed combined gradient-stochastic method yields binary
solutions in evaluations comparable to those used by a higher order search. Here, no subjective
interpretation steps following the optimization procedure are employed. The contours of some
topologies are undulated and also, some appendages exist in the solutions (e.g., Fig 14 and
16). Appendages correspond to the sub-regions at sites where the material is projecting out of
the otherwise expected uniform features, contributing to unattractive appearance of a solution.
Undulations in contours can be reduced via a high smoothing parameter slev as observed in
the stiff beam examples. Appendages present in especially the large deformation topologies are
benign. That is, their presence is not in conflict with the current value of the objective and their
absence does not ensure that the objective will improve significantly. Appendages are a result of
the indecisiveness pertaining to whether the gray cells in gray scale designs should be retained or
removed. They contribute to the local stiffness at sites where they are present. Their presence
suggests that the material is not utilized effectively by the algorithm. One option is to remove
the appendages systematically such that their elimination does not worsen the objective. This,
however, is a post processing step. Another option is to minimize the volume of the continuum
with a very small weight such that this new objective is not in direct conflict with the main one.
Within the optimization setup itself, the third alternative is to introduce additional negative
masks over these appendages (gray cells), and retain these masks if the objective is improved.
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Figure 16: Designs of large displacement inverters from the specifications in Fig 6(e). Each
case is executed with 100 masks each. All material parameters are the same as those used for
the large displacement gripper example. Identical upper and lower bounds for the mask centers
(xm ∈ [4mm, 73mm]; ym ∈ [4.3mm, 34.3mm]) and their radii (rm ∈ [0mm, 10mm]) are used
for the three cases. The binary designs in each case is evaluated with slev = 12. Convergence
histories - Case 1: solid (red) line. Case 2: Dashed (green) line. Case 3: Dash-dotted (blue) line.
Circles ’o’ represent evaluations within the gradient steps and stars ’*’ represent those within
the stochastic search. The squares represent locations where the Newton-Raphson iterations
failed to converge for gray scale or binary designs.
These, and other means to eliminate these vestigial extensions within the design procedure will
be explored in future.
The stochastic-only search in the proposed approach shows promise in designing continua for
problems pertaining to contact modeling (CCMs) [46] and e.g., electrostatic actuation [8]. For
CCMs, to model contact between the existing members, it is mandatory to eliminate the void
cells as suggested in section 4.1. This is to ensure that the finite element modeling with contact
is practical and accurate. Most existing gradient search algorithms and the related topology
optimization methods cannot accommodate the changes in the design space due to frequent
removal or introduction of cells, and hence are not suitable. With the stochastic-only search
however, the computational cost is expected to be very high.
Mesh dependence is an important and extensively debated subject which is not addressed and
is beyond the scope of this work. A topology design algorithm can be considered to be mesh
independent if the smallest feature in the topology is modeled by an adequate number of finite
elements. In examples on mean compliance minimization, resultant topologies are observed
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to depend on the exponent α that governs the behavior of the logistic density function used
in the gradient search. Topologies may also depend on the mesh size. Mesh and parameter
dependence are conjectured to be a consequence of strongly coupled design and analysis spaces.
They are observed in methods, like the one presented, that employ the same mesh for finite
element analysis and topology optimization. Resolving mesh dependence is important while
addressing parameter dependence may not be critical for problems that have non-convex design
spaces, e.g., compliant continua for which multiple local solutions are known to exist (e.g., Fig
16). For formulations known to yield unique minima, however, future endeavors will focus on
suitably understanding mesh/parameter dependence with regard to the presented approach.

7

Conclusion

A combined gradient-stochastic algorithm is presented to determine the 0-1 topologies for large
displacement continua by suitably placing and sizing the negative circular masks over a design
region approximated using a honeycomb mesh. The approach yields perfectly binary continua
with smooth contours in computational effort equivalent to that of a gradient search method.
Notwithstanding the presence of few appendages, the solutions are well connected. The proposed method is efficient by a factor of 10 compared to its predecessor schemes [23; 24] that
employs the stochastic-only search for small deformation compliant mechanisms. From the examples, it is noted that multiple gradient and stochastic steps may be required to reduce the
discrepancy between the intermediate gray scale and binary topologies. Continuum solutions
depend on the parameter used to model the continuous density function. Synthesis of large
deformation 0-1 continua is possible within a few hundred evaluations with the proposed approach. Furthermore, multiple large displacement solutions, if present in the design space, can
be obtained. Overall, the proposed topology design approach can yield a large displacement
continuum via an uninterrupted process, by circumventing all intermediate designs for which
displacement convergence in the Newton-Raphson iterations is not observed.
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Appendix A1: Shape functions, internal forces and stiffness matrix for the isoparametric Wachspress finite element
The shape function NA (X) for node A (Fig. 17) is derived. Two lines lj passing through it
are ignored and the product q of the other four line equations is considered. This product is
divided by the equation of the circle C. E.g., for node 1 in Fig. 17, Cq is given as
l2 (ξ, η)l3 (ξ, η)l4 (ξ, η)l5 (ξ, η)
q(ξ, η)
=
C(ξ, η)
C(ξ, η)
The normalized shape function for node 1 is
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Figure 17: Definition of the shape functions for a regular hexagonal cell Ωm

N1 (ξ, η) =

q(ξ,η)
C(ξ,η)
q(ξ1 ,η1 )
C(ξ1 ,η1 )

(27)

The shape functions corresponding to the other five nodes can be derived similarly by maintaining the cyclic order. For two dimensional problems, let N(ξ) be a matrix of the shape functions
such that
N = [ N1 I N2 I N3 I ... NN no I ]

(28)

be = [ u
where I is a 2 × 2 identity matrix. Let u
b1 u
b2 u
b3 ... u
b2N no ] represent the displacements (odd entries for horizontal and even entries for vertical) at all nodes in an element.
Displacements uhe (X) at any X ∈ Ωeo are interpolated by
ue
uhe (X) = Nb

(29)

Likewise, points X and x can be expressed in terms of nodal coordinates as
b e ; x = Nb
X = NX
xe

(30)

b e and x
be are the arrays containing the coordinates of the undeformed (Ωeo ) and deformed
where X
e
e for Ωe is given by
(Ω ) elements respectively. The internal force vector fint
e
fint

=

Z

Ωe

BTU L σ V dv

(31)

where

BA
UL

with

∂NA
∂x

=

∂NA ∂ ξ
∂ ξ ∂x






NA;1
0
∂NA
NA;1


=
0
NA;2 ,
=
NA;2
∂x
NA;2 NA;1

∂NA
= j−1
= j−1
e
e ∇ξ NA and
∂ξ

30

(32)

no
BU L = [ B1U L B2U L B3U L ... BN
UL ]

(33)

From the elasticity potential (Eq. 9), components of the first Piola-Kirchoff’s stress tensor
∂E
Tij can be computed as Tij = ∂Fijp . Cauchy’s tensor σ can then be determined using the
transformation Jσ = T · F T .
The stiffness matrix ke for Ωe has the following form (assuming that fext is independent of u).
mat
ke = kgeo
e + ke

(34)

where

kgeo
e



kgeo
kgeo
11
12
geo
 k
kgeo
21
22

=
...
...
geo
kgeo
k
N no1
N no2


... kgeo
1N no

... kgeo
2N no 

...
...
geo
... kN noN no

(35)

with
kgeo
AB

= I2×2

Z

NA;i σ ij NB;i dv

(36)

Ωe

in Eq. (34) can be obtained from
kmat
e
kmat
e

=

Z

Ωe

BTU L Cv BU L dv

(37)

Appendix A2: NUMERICAL QUADRATURE POINTS FOR THE UNIT HEXAGONAL WACHSPRESS FINITE ELEMENT
Integrations (e.g. in Eq. 31, 36 and 37) are performed using numerical quadrature the details
of which are given in Table 1. More number of integration points should be used if accuracy
∂NA
A
is desired over computational speed. Derivatives ∂N
∂ξ and ∂η , can be computed once shape
functions NA are known from equations similar to Eq. (27).
KEY: N ip: Number of integration points. ξp = rj cos(αj + i π3 ), ηp = rj sin(αj + i π3 ), i =
1, · · · , 6 if j > 1; i = 1 if j = 1. j = 1 corresponds to single integration point at center
(ξ = η = 0) of the hexagonal element Ωm . For j > 1, six integration points (ξp , ηp ), uniformly
positioned, lie on a circle with center (0, 0) and radius rj . The weights wj for these points are
all equal.
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