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Abstract
A three-dimensional finite element model for nanoscale contact problems with strong adhesion
is presented. The contact description is based on the Lennard-Jones potential, which is suitable
to describe van der Waals attraction between interacting bodies. The potential is incorporated
into the framework of nonlinear continuum mechanics, and two different formulations, a body
force (BF) and a surface force (SF) formulation, are derived. It is demonstrated that the model
is highly accurate for contact surfaces where the mimimum local curvature radius of the surface
roughness is as low as 8nm. The finite element implementation of the two formulations is
provided and the overall contact algorithm is discussed. The numerical accuracy of the finite
element discretization is analyzed in detail. It is shown that the SF formulation is more efficient
than the BF formulation but loses accuracy as the strength of adhesion increases. The model
has applications in computational biomechanics as is demonstrated by the computation of the
adhesion of a gecko spatula.
Keywords nanoscale adhesion, computational contact, nonlinear continuum mechanics, nonlinear finite element methods, gecko adhesion
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Introduction

With the advent of nanotechnology, engineering applications at small scales are becoming increasingly important. At the nanoscale the interactions between two bodies are affected strongly
by long ranging intermolecular forces (Israelachvili, 1991). This work presents a computational
contact formulation that captures intermolecular forces such as van der Waals adhesion. Van der
Waals forces have been identified as the main forces governing gecko adhesion (Autumn et al.,
2002). The gecko shows that adhesion mechanisms tend to be very flexible, so that they can
adapt to rough surfaces and thus maximize the contact area for adhesion. The high flexibility
leads to an important modeling requirement that is often disregarded by contemporary contact
and adhesion models: the nonlinear kinematics of large motions and deformations. Therefore
the need exists to develop contact models for adhesion, that accurately capture the nonlinearities of large deformations. A suitable framework for this is given by the equations of nonlinear
continuum mechanics (Gurtin, 1981), which also allows for the description of complex 3D geometries and non-linear material behavior. Nonlinear models are usually solved by numerical
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approaches like the finite element method (Wriggers, 2008). A requirement in the development
of finite element methods lies in the numerical efficiency which is especially challenging for 3D
contact problems (Wriggers, 2006).
The developments presented here are based on the nanoscale contact model of Sauer and Li
(2007c,a). There, the authors incorporate the Lennard-Jones potential, which is suitable to
model van der Waals adhesion, into a nonlinear continuum mechanical framework, and show
that this leads to a frictionless contact formulation based on body forces. The authors further show that a straight-forward finite element implementation of the formulation (denoted
by ’method 1’) is highly inefficient. The authors then proceed to develop an efficient contact
formulation that is based on surface tractions and is denoted by ’method 3’. It is shown that
a finite element formulation of this method is much more efficient than the straight-forward
finite element implementation. In (Sauer and Li, 2007c,a) 2D finite element formulations are
presented.
The present paper picks up the surface traction formulation and complements it by a new formulation, denoted as the ’body force formulation’. For both formulations, we develop a 3D
finite element implementation and its corresponding contact algorithm. We also derive the algorithmically consistent tangent matrix for the special case of the Signorini contact problem.
We then subject both formulations to a rigorous analysis of their accuracy: First we examine
and analyze all the assumptions that are introduced in the derivation of the two formulations.
In the second analysis we assess the discretization error introduced by the finite element formulation. Third, we investigate the model error introduced in the surface formulation due to large
deformations and strong adhesion. We also examine the physical behavior of nanoscale contact
and discuss the numerical difficulties that can appear in computations.
The presented approach bears some similarities to cohesive zone models that have been developed for fracture (Xu and Needleman, 1994; Ortiz and Pandolfi, 1999) and delamination
(Lorentz, 2008). On the other hand, the approach is clearly distinct from computational contact models that have been formulated for macroscale adhesion (Raous et al., 1999; Talon and
Curnier, 2003).
Apart from gecko adhesion (Autumn et al., 2002), the presented contact formulation has a long
list of further applications. Examples include rubber adhesion (Johnson et al., 1971), adhesion
in MEMS (Zhao et al., 2003b), adhesion in nanoindentation (Zhao et al., 2003a), cell adhesion
(Liu et al., 2004; McGarry et al., 2005), self cleaning surfaces (Gao and McCarthy, 2006), particle adhesion to water droplets (Krasovitski and Marmur, 2005), thin film peeling (Kendall,
1975) and delamination (Lane, 2003), interactions of nanoparticles (Kendall et al., 2007) and
nanostructures (Ruoff et al., 1993), rough surface adhesion (Persson et al., 2005) and synthetic
adhesion mechanisms (Qu et al., 2008).
The remainder of this paper is structured as follows: Section 2 presents the derivation of the two
contact formulations. In the derivation the curvature of the neighboring body is neglected. The
influence of this assumption is assessed in section 3. In section 4 the finite element equations of
the two formulations are derived and the contact solution algorithm is presented. The accuracy
of the finite element discretization is then examined in section 5, while section 6 provides a
detailed analysis of the finite element model and its potential difficulties. In section 7 an
application of the model to biomechanical adhesion is considered. The paper concludes with
section 8.

2

The coarse-grained contact model

This section provides an overview of the coarse-grained contact model of Sauer and Li (2007c),
extends the model to 3D, introduces a new contact formulation based on body forces, and
2

discusses all assumptions used in the derivation. The coarse-grained contact model combines
a molecular interaction potential with a continuum mechanical contact formulation in order to
describe nanoscale contact phenomena like van der Waals adhesion. The model formulation is
general, allowing for large deformations and arbitrary contact geometries.
According to the model, the quasi-static interaction between two general continua B1 and B2 is
governed by the weak form
2 Z
X
k=1

Bk



Z
grad(δϕk ) : σ k dvk −

Bk

δϕk · βk bk dvk − δΠext,k = 0 ,

∀ δϕk ∈ Vk ,

(1)

where σ k denotes the Cauchy stress tensor inside body Bk , βk denotes the current molecular
density of Bk (i.e. the number of molecules per current volume), bk denotes the body force acting
on Bk due to the interaction with the neighboring body, and δϕk ∈ Vk denotes the kinematically
admissible virtual deformation of Bk . (In this treatment the symbol B is used to denote both
the body and the configuration it occupies in R3 .) The first term in eq. (1) captures the virtual
work due to the deformation of the bodies, the second term captures the virtual work due to the
interaction of the two bodies, and δΠext,k denotes the external virtual work due to the external
loading. The governing weak form can be derived from the equilibrium equations of body B1
and B2 as is shown in Sauer and Li (2007b). It can also be derived from a variational principle
as is shown in Sauer and Li (2007c). The integrals in eq. (1) are expressed as an integration over
the current configuration of the two bodies. Alternatively, the integrals can also be expressed
as an integration over the reference configuration of the two bodies, denoted as B01 and B02 .
Then we have (Sauer and Li, 2007c)
2 Z
X
k=1

B0k

Z
Grad(δϕk ) : P k dVk −

B0k


δϕk · β0k bk dVk − δΠext,k = 0 ,

∀ δϕk ∈ Vk .

(2)

Here P k denotes the first Piola-Kirchhoff stress tensor and β0k denotes the molecular density
of the reference configuration of body Bk . For a given deformation ϕk , the relation between the
densities β0k and βk is given by
β0k = Jk βk ,

Jk = det F k ,

k = 1, 2 ,

(3)

where F k = grad ϕk denotes the deformation gradient of body Bk . For the coarse-grained
contact model, the contact body forces acting at the points x1 ∈ B1 and x2 ∈ B2 , which are
separated by the distance r = |x2 − x1 |, are given by (Sauer and Li, 2007c)
Z
∂Φ2
b1 (x1 ) := −
, Φ2 (x1 ) :=
β2 φ(r) dv2 ,
∂x1
B2
(4)
Z
∂Φ1
b2 (x2 ) := −
, Φ1 (x2 ) :=
β1 φ(r) dv1 ,
∂x2
B1
i.e. they follow as the gradients of two scalar fields, denoted as Φ1 and Φ2 , which are defined
as the integration of the molecular interaction potential φ over the neighboring bodies. As an
example for the interaction potential, we consider the Lennard-Jones potential
 r 12
 r 6
0
0
φ(r) := 
− 2
,
r
r

(5)

acting between x1 and x2 . The first term describes the repelling part that characterizes the
behavior for small distances; the second part describes the attractive part that determines the
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behavior for large r and which is often used to model van der Waals attraction. Alternatively,
by pulling the gradient inside of the integral, eq. (4) can be rewritten into
Z
Z
β1 F (r) r̄ 2 dv1 ,
β2 F (r) r̄ 1 dv2 ,
b2 (x2 ) =
b1 (x1 ) =
(6)
B1

B2

where F = −∂φ/∂r and where r̄ 1 := (x1 −x2 )/r and r̄ 2 := (x2 −x1 )/r are the direction vectors
between x1 and x2 .
Due to the formulation of the contact body forces according to eq. (4) six levels of integration
are required in order to evaluate the virtual contact work in eq. (1). While it is straight forward
to construct a numerical integration scheme for this (Sauer and Li, 2007c), such an approach
tends to be very inefficient. This motivates the development of alternative integration methods
as are discussed in Sauer and Li (2007c, 2008). The most efficient strategy presented there,
considers the approximate analytical integration of eq. (4). This approach, which reduces the
numerical integration from six levels down to three levels, will be considered in the following.
The strategy, outlined in detail in Sauer and Li (2007c), consists of two steps:
1. In order to evaluate the body force bk at point xk ∈ Bk we first project the point perpendicularly onto the neighboring surface ∂B` (` 6= k). This gives the surface point xp ∈ ∂B` .
(It is important to note that the point xp on ∂B` depends on point xk ∈ Bk and is not a
material point of B` , as the point, in general, does not follow the motion of B` .)
2. Secondly, we approximate the neighboring body B` at point xp as a flat half-space and
integrate field Φ` , appearing in eq. (4), analytically.
This approach results in an efficient body force formulation which will be denoted in short by
’BF’ in the remainder of this paper. In Sauer and Li (2007c) a further, third step is taken,
which considers projecting the body forces bk onto the surface of body Bk and replace them by
an effective surface traction. This last approach results in an even more efficient, surface force
formulation, which will be denoted in short by ’SF’ in the following. The two approaches are
illustrated in figure 1 below. We note that the closest point projection considered in the first step

Figure 1: Nanoscale contact-interaction forces according to the body force formulation (left)
and the surface force formulation (right)

is a common procedure in computational contact methods (Wriggers, 2006). It depends strongly
on the surface where we project onto and it can cause difficulties for non-convex surfaces. In the
projection xk → xp , we denote the projection distance by rk and the projection direction by
−np , which is opposite to the direction of the surface normal np of ∂B` at xp . The approximate
4

half-space integration of eq. (4) according to step 2, which is derived and assessed in section 3,
yields the simple expression
  

1 r0 10  r0 4
2
bk = πβ` r0
−
np ,
(7)
5 rk
rk
for the Lennard-Jones potential (5). Here, the density β` is evaluated at the projection point
xp . Introducing Hamaker’s constant AH = 2π 2 β01 β02 r06 (Israelachvili, 1991) we can also write
  

AH
1 r0 10  r0 4
β0k bk =
−
np .
(8)
rk
2πr04 J` 5 rk
This expression can be inserted directly into the weak form (2). Altogether the BF formulation
depends on two parameters, AH and r0 , which characterize the strength and range of adhesion.
The SF formulation is obtained by projecting the body force bk onto the surface of body Bk and
replacing it by an effective surface traction. The projection is done parallel to the direction of
the body forces in order to keep the balance of angular momentum unaffected. We thus project
along −np , i.e. in the opposite direction of the surface normal of the neighboring body B` at
point xp . The projection is accomplished by the following integration: According to figure 1
the volume element dvk can be expressed by
dvk = c` (rk ) drk cos αk dak ,

c` (rk ) :=

R1` + rk R2` + rk
,
R1` + rs R2` + rs

(9)

where dak denotes the area element obtained from projecting dvk along −np onto the surface
∂Bk , where R1` and R2` denote the principal surface curvatures of ∂B` , where rs denotes the
distance between the surfaces of the neighboring bodies, and where αk denotes the inclination
of the surface in relation to the direction of projection, that is we have cos αk = −np · nk . For
the special case that R1` , R2` → ∞, we have c` → 1. With the help of eq. (9), weak form (1) can
be rewritten as
2 Z
X
k=1

Bk



Z
grad(δϕk ) : σ k dvk −

δϕk · tk cos αk dak = 0 ,

∀ δϕk ∈ Vk ,

(10)

∂Bk

where tk denotes the effective surface traction defined by
Z rc
c` (rk ) βk bk (rk ) drk .
tk :=

(11)

rs

The integration limit rc can, in principle, be set to an arbitrary value, since the boundary ∂Bk
is closed, so that it is intersected twice along the projection direction −np and the effect of
value rc cancels exactly. Since the function bk (rk ) decays, it is convenient to set rc = ∞ in the
integration. The surface formulation according to eq. (10) and (11) only constitutes a gain if
eq. (11) can be integrated analytically, which is only possible if we place some assumption on
the current density βk . For example, if we assume that βk is approximately constant between
rs and rc we have
Z
rc

tk ≈ βk

c` (rk ) bk (rk ) drk .

(12)

rs

The accuracy of this assumption is assessed in section 6. With eq. (12), the body force according
to eq. (7) can be easily integrated analytically to give


f1 (Ri` )  r0 9 f2 (Ri` )  r0 3
3
(13)
tk = πβk β` r0
−
np ,
45
rs
3
rs
5

where the functions f1 and f2 dependent on the surface curvature radii R1` and R2` of the
neighboring surfaces. For the special case R1` = R2` = R we have
f1 (R) =

R2 + 9/4Rrs + 9/7rs2
,
(R + rs )2

f2 (R) =

R2 + 3Rrs + 3rs2
.
(R + rs )2

(14)

These two functions approach unity as R → ∞. For a curvature radius of R > 10rs the function
values lie at f1 < 1.023 and f2 < 1.099, and we may approximate them by unity. Using Nanson’s
formula
(15)
nk dak = Jk F −T
k N k dAk ,
weak form (10) can be rewritten as an integral equation over the reference configuration, i.e.
2 Z
X
k=1

B0k


δϕk · T k θk dAk = 0 ,

Z
Grad(δϕk ) : P k dVk −

∀ δϕk ∈ Vk ,

(16)

∂B0k

with
T k := Jk tk =

πβ0k β` r03




f1  r0 9 f2  r0 3
−
np
45 rs
3 rs

(17)

and
θk := −np · F −T
k Nk .
In terms of Hamaker’s constant AH we have
  

AH
f1 r0 9 f2  r0 3
Tk =
−
np .
3 rs
2πr03 J` 45 rs

(18)

(19)

Note that if B` is incompressible we have J` = 1. The contact forces according to eqs. (7), (13)
and (19) are parallel to the surface normal of the neighboring body, so that the coarse-grained
contact model is a frictionless model.
To summarize, we have provided two different 3D formulations, the body force formulation (BF)
given by eqs. (2) and (8), and the surface force formulation (SF) given by eqs. (16) and (19).
In the derivation of the forces bk and tk three assumptions are made:
1. Evaluating the integrals in eq. (4) as an integration over a half-space in order to obtain
expression (7). In section 3 it is shown that the error introduced by this approximation
depends on the surface curvature and lies well below 5% for reasonable curvature values.
2. Assuming that the volume change J` of the neighboring body B` is constant in the halfspace integration used to obtain eq. (7) from eq. (4). The error introduced by this approximation depends on how strong the deformation of body B` varies within the cut-off
radius of potential φ. The assumption becomes very accurate if the deformation within the
neighboring body is approximetly homogenous, e.g. if the body is rigid. This assumption
is similar to the following.
3. Assuming that the volume change Jk of body Bk is constant between rs and rc in integration (11). The error introduced by this assumption is examined in section 6.3 and it
is shown that the error is only significant if very large adhesion forces are considered.
A fourth approximation is introduced if the coefficients f1 and f2 appearing in eq. (19) are set
to unity. Assumptions 3. and 4. only affect the surface formulation (SF).
As a final consideration, we compare the behavior of the three force functions F = −∂φ/∂r (5),
bk (rk ) (8) and T k (rs ) (19), by examining their characteristic values. In table 1 we examine the
6

formulation
LJ (5)

req
r0

rFmin
1.1087 r0

Fmin
−2.6899 /r0

rc,3
3.3216 r0

BF (8)

0.7647 r0

0.8909 r0

−0.1516 AH /r04

5.6925 r0

SF (19)

0.6368 r0

0.7647 r0

−0.07908 AH /r03

8.7550 r0

Table 1: Characteristics of the Lennard-Jones, the BF and the SF function
equilibrium distance req , where the force vanishes, the maximum adhesion force Fmin and its
location rFmin . Further, the cut-off distance rc,p is introduced and examined. It is defined as
the distance where the attractive force has dropped below the fraction 10−p of Fmin . The cut-off
distance for p = 3 is reported in table 1 for the three cases. It can be seen that the successive
integration of eq. (5) leads to a decrease of req and rFmin and an increase of rc,p .

3

Accuracy of the half-space assumption

In this section we examine and evaluate the error introduced by the half-space approximation
which is used to derive eq. (7) from eq. (4). The derivation itself is also reported here. In
accordance with standard contact notation, we also denote the body Bk , on which the contact
forces bk act, as the slave body, and denote the neighboring body B` , which causes the contact
force bk , as the master body. The contact force acting at xk ∈ Bk is found by first projecting the
slave point perpendicularly onto the master surface ∂B` , giving the projection point xp ∈ ∂B` ,
and then simplifying the master-body integration
Z
Φ` =
β` φ(r) dv
(20)
B`

(according to eq. (4)) by assuming that the master surface resembles a half-space in the vicinity
of xp . An error appears in this approach if the master surface is not flat but curved. In order to
assess the accuracy of this approximation we thus need to evaluate the influence of the surface
curvature of ∂B` on integration (20). We therefore generalize our approach to consider the
case that the master surface resembles a sphere with radius R in the vicinity of point xp . Due
to the short cut-off radius of φ, this approach can also be used to evaluate the influence of a
surface asperity on B` that has the curvature κ = R−1 at xp . According to Hamaker (1937),
the integration of expression (20) over a sphere with radius R and constant density β` can be
written as
Z

πβ` R0 +R
(21)
Φ` =
φ(r) r R2 − (R0 − r)2 dr ,
R0 R0 −R
where R0 = R + rk denotes
the distance between xk and the center of the sphere. The quantity

πr/R0 R2 − (R0 − r)2 describes the area of a spherical cap that is obtained from intersecting
B` with a sphere of radius r centered at xk . Carrying out the integration yields


8R − rk  r0 9 10R + rk  r0 9 2R − rk  r0 3 4R + rk  r0 3
3
Φ` = πβ` r0
+
−
−
360R0 rk
360R0 rk + 2R
6R0
rk
6R0
rk + 2R
(22)
Taking the half-space limit R → ∞ (i.e. κ → 0) we find
  

1 r0 9 1  r0 3
0
3
Φ` → Φ` = πβ` r0
−
.
(23)
45 rk
3 rk
According to eq. (4) the force acting at xk is given by
bk = −
7

∂Φ`
,
∂xk

(24)

which, due to eq. (63) from appendix A, can be rewritten as
bk = −

∂Φ`
np .
∂rk

(25)

Taking the derivative of eq. (22) w.r.t. rk is a straight forward calculation. In the half-space
limit R → ∞ we then obtain
  

1 r0 10  r0 4
0
2
bk → bk = πβ` r0
−
np ,
(26)
5 rk
rk
which is the result introduced by eq. (7). We further define the equilibrium distance of b0k as
the distance rk0 where the force vanishes (b0k = 0). From eq. (26) we find
p
(27)
rk0 = 6 1/5 r0 .
Figure 2 shows the np -component of bk , normalized by β`  r02 , as a function of the distance
rk /rk0 for various values of the surface curvature κ. As the curvature increases the minimum

Figure 2: Force distance relation for various surface curvatures (normalized by r0 )
of bk becomes smaller in magnitude.
In order to asses the error introduced by the half-space approximation, we analyze the difference
between Φ` and Φ0` and between the np -component of bk and b0k , denoted as bk and b0k . We
therefore define the relative error measures
EΦ :=

|Φ` − Φ0` |
,
Φ∗`

Eb :=

|bk − b0k |
,
b∗k

(28)

where we have defined the functions

Φ∗` (rk ) := max Φ0` (rk ), − min(Φ0` ) ,

b∗k (rk ) := max b0k (rk ), − min(b0k ) .

(29)

These are motivated by the following consideration: As rk → 0 both Φ` and Φ0` approach
infinity and the difference (Φ` − Φ0` ) explodes unless it is measured relative to a quantity that
also approaches infinity. On the other hand, as rk → ∞ both Φ` and Φ0` vanish and their
relative difference explodes if it is normalized by Φ0` instead of using a fixed value like min(Φ0` ).
The same argument holds for the np -component of bk .
8

Figure 3: Accuracy of the half-space approximation: Error in Φ` vs. surface distance rk and
curvature κ (left); Error in bk vs. surface distance rk and curvature κ (right)

Figure 3 shows error (28) depending on the distance rk and the curvature κ = R−1 . It can be
seen that the largest error in Φ0` occurs at rk = rk0 . For curvatures smaller than κ = 0.05/r0 ,
(R > 20r0 ) this error is below 10%. The error in the force b0k tends to be smaller than the
error in Φ0` . For curvatures smaller than κ = 0.05/r0 (R > 20r0 ) the error in b0k is below 5%.
Considering that r0 is on the order of 0.4nm, the surface curvature can be as large as 0.125nm−1
(i.e. R can be as low as 8nm) in order to keep the error in b0k below 5%. Hence, for R > 8nm
very accurate results are obtained by the half-space approximation formula (26), which is used
in the remainder of this paper.

4

3D finite element formulation

We now present the finite element formulation of the body force formulation, given by eqs. (1),
(2) and (8), and the surface force formulation, given by eqs. (10), (16) and (19). We derive the
finite element arrays for the two formulations and discuss the overall contact algorithm.
The finite element method offers a systematic solution strategy to approximately solve the
weak form governing the problem. To facilitate the numerical integration of eq. (1) and (10)
the integration domains Bk and ∂Bk are partitioned into small volume elements Ωe and surface
elements Γe , that contain a certain number of nodes, denoted by ne = nve for Ωe and ne = nse
for Γe . Within each element, the displacement field u and the variations δϕ are approximated
by the interpolation
u ≈ Ne ue , δϕ ≈ Ne ve ,
(30)
where ue and ve are arrays with size (3ne × 1) that denote the displacements and variations of
the elemental nodes, and where


Ne = N1 I , N2 I , ... , Nne I
(31)
is a (3 × 3ne ) matrix formed by the ne shape functions NI (I = 1, 2, ..., ne ) of the element.
Inserting approximations (30) into the weak form (eq. (1) for the BF; eq. (10) for the SF),
leads to a discretized weak form which in short can be written as (see Sauer (2006) and Sauer
and Li (2007c) for details regarding the 2D case)


vT fint + fc − fext = 0 , ∀ v ∈ Vh ,
(32)
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where the vector v ∈ Vh contains the kinematically admissible virtual displacements of the finite
element nodes and where the vectors fint , fc and fext denote the internal forces, contact forces
and external forces acting on the finite element nodes. These arrays are assembled from the
e , f e and f e that denote the corresponding forces acting on the individual elements
vectors fint
c
ext
and which are listed below. Equation (32) leads to the nonlinear equation
f (u) := fint + fc − fext = 0 ,

(33)

where, in general, both fint and fc (and in principle also fext ) depend nonlinearly on the nodal
e acting on element Ω can be expressed as
deformation u. The internal force vector fint
e
Z
e =
fint
BTe σ dv
(34)
Ωe

(Wriggers, 2008), where Be is an array with size (6 × 3ne ) that contains the derivatives of the
nodal shape functions NI .
According to the body force (BF) formulation, the elemental contact force vector acting on the
nve nodes of element Ωe is given by the (3nve × 1) vector
Z
Z
T
e
e
fc = fb := −
Ne βk bk dv = −
NTe βk0 bk dV ,
(35)
Ωe

Ωe0

which can be evaluated as an integration over either the current or the reference configuration
of the element (denoted as Ωe and Ωe0 ). This expression follows directly from eqs. (1), (2) and
(30)–(32). The resultant contact-interaction forces acting on the entire bodies B1 and B2 follow
from the summation of fbe over all finite elements discretizing the two bodies as is considered in
eq. (46) in section 5.
According to the surface force (SF) formulation, the elemental contact force vector acting on
the nse nodes of surface element Γe is given by the (3nse × 1) vector
Z
Z
NTe tk cos αk da = −
NTe T k θk dA .
fce = fte := −
(36)
Γe0

Γe

This vector can be evaluated as an integration over either the current or the reference configuration of the element (denoted as Γe and Γe0 ). The resultant contact-interaction forces acting on
the entire bodies B1 and B2 now follow from the summation of fte over all finite surface elements
discretizing the surface of the two bodies as is considered in eq. (47) in section 5. Equation (33)
and expressions (35) and (36) are valid for general, three-dimensional contact problems, but
can also be adapted to 2D finite element formulations (Sauer and Li, 2007c) and finite beam
element formulations (Sauer, 2009).
We solve equation (33) iteratively using Newton’s method. Therefore we need to know the
tangent matrix kc that is formed by the elemental contributions
kec :=

∂fce
.
∂ue

(37)

In the following we report the expression of kec for the BF and SF formulation considering the
case where one body is rigid and motionless. A detailed derivation is given in appendix A. For
the BF formulation (35) we find
Z
∂B k
e
kc = −
NTe
Ne dV ,
(38)
∂xk
Ωe0

10

where we have introduced B k := βk0 bk . Matrix kec has the size (3nve × 3nve ), where nve is the
number of nodes of element Ωe . The derivative of B k =: Bk np is given by
∂B k
Bk
Bk
ap1 ⊗ ap1 + −1
ap ⊗ ap2 ,
= Bk0 np ⊗ np + −1
∂xk
κ1 + rk
κ2 + rk 2

(39)

which is a second order tensor. Here κ1 and κ2 are the principal curvatures of the master surface
∂B` at the projection point xp and where ap1 and ap2 are the corresponding tangent vectors at
xp . The derivative Bk0 = ∂Bk /∂rk follows readily from eq. (8).
For the SF formulation (36) the tangent matrix has two distinct contributions. The first, denoted
kec1 , depends only on the displacement of the surface element Γe ; the second, kec2 , depends on
the deformation of the volume element Ωe attached to surface element Γe . Contribution kec1 is
given by the symmetric matrix
Z
∂T k
kec1 = −
NTe
Ne θk dA .
(40)
∂xk
Γe0
Matrix kec1 has the size (3nse × 3nse ), where nse is the number of nodes of surface element Γe .
Analogously to eq. (39) we have
Tk
Tk
∂T k
ap1 ⊗ ap1 + −1
ap ⊗ ap2 .
= Tk0 np ⊗ np + −1
∂xk
κ1 + rk
κ2 + rk 2

(41)

Contribution kec2 is given by the rectangular (3nse × 3nve ) matrix
kec2

Z
=

NTe T k ⊗ np

Γe0

∂F −T
k Nk
dA ,
∂ue

(42)

with the (3 × 3nve ) matrix


∂F −T
∂F −T
∂F −T
k Nk
k Nk
k Nk
=
, ··· ,
∂ue
∂u1
∂unve

(43)

which contains the (3 × 3) blocks


∂F −T
k Nk
= J −T ∇ξ NI ⊗ F −T
Nk
k
∂uI

(44)

for I = 1, ..., nve . In eqs (42)–(44), Ne denotes the array of the nse shape function of element
Γe according to eq. (31), F k denotes the deformation gradient at point xk ∈ Γe , N k denotes
the outward surface normal of Γe0 at xk and J denotes the Jacobian of the parametrization
of element Ωe according to eq. (69). We refer to the appendix for the derivation of these
expressions.
Table 2 shows the algorithm that is used to solve the contact problem with the finite element
method. The solution algorithm requires four major loops: a loading loop, a Newton iteration
loop, a loops over the finite elements and a loop for the numerical quadrature. At the quadrature
points of the contact elements we need to determine the projection of these points onto the
neighboring surface. This projection is a common task in computational contact mechanics.
The elemental loops are required to assemble the forces fint and fc . We note that for the
BF formulation, the vectors fc and fint can, in principle, be evaluated within the same loop,
although a higher integration accuracy may be needed. The Newton iteration is used to solve
the discretized equilibrium equation (33). The loading loop is needed to advance the prescribed
loading. We further note that no active set strategy is needed in the algorithm. Such a strategy
11

Loading loop: apply load (e.g. prescribed forces, prescribed displacements) in increments;
at each load step:
Newton iteration (for obtaining the solution u to eq. (33))
• provide starting guess u0 , e.g. based on the solution of the previous load step
• iterate for i → i + 1 until convergence:
e
∂fint
∂ue ;

1.

e (34) and ke =
loop over the volume elements Ωe to compute fint
int
assemble these into the global force and stiffness arrays f and k

2.

BF: loop over the volume elements Ωe to compute fce (35) and kec (38);
SF: loop over the surface elements Γe to compute fce (36) and kec (40), (42);
fce and kec are computed by numerical quadrature;
at each quadrature point xk :
i.
ii.

obtain the projection of xk onto the surface of the neighboring body
BF: evaluate the contact-interaction force according to (8)
SF: evaluate the contact-interaction force according to (19)

assemble fce and kec into f and k
3.

apply boundary conditions

4.

solve k ∆u = −f and update ui+1 = ui + ∆u

Table 2: Solution algorithm for the coarse grained contact model
is used to determine if certain contact elements are currently active or not. In our approach all
contact elements are considered active and no particular distinction is needed, which results in
substantial computational savings.
We note that the presented contact formulation according to table 2 is not restricted to the
case where one body is rigid, even though the tangent matrix kc has only been derived for this
e and f e
case. In the case where two deformable contact partners are considered, the vectors fint
c
need to be computed for all elements of the two-body system. A numerical tangent can be used
to determine the additional coupling terms that are not captured by the tangent contributions
(38), (40) and (42).
The contact algorithm displayed in table 2 can also be adapted to macroscale contact. In fact,
from the numerical viewpoint, the SF formulation is very similar to common computational
contact approaches: Force function (19) can be viewed as a barrier method (Wriggers, 2006)
that is based on molecular physics.
With eqs. (33)–(44) we have presented two finite element formulations describing contact problem (1)–(6). A comparison between the two formulations is considered in the following two
sections.
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5

Accuracy of the FE discretization

This section serves to assess the discretization error introduced by the finite element approximation of the body force formulation (35), and the surface force formulation (36). We thereby
verify the correctness of the FE expressions and compare the efficiency of the two methods.
As a test case we consider the interaction between a quarter torus segment (body B1 ) and a
sphere (body B2 ) as is illustrated in figure 4. The radius of the sphere is chosen as 25r0 , the

Figure 4: Test case: Interaction between a sphere and a torus segment
radii of the torus are 5r0 and 50r0 . The center of the sphere lies in the plane described by the
torus ring, and the surface distance between both bodies is chosen as 0.6r0 . At this distance the
resultant force between the two bodies is attractive, even though repulsion also occurs between
the bodies. Here we are only interested in the geometrical discretization error in the evaluation
of the contact-interaction forces according to the BF and SF formulation. The influence of the
deformation is not considered here but is investigated later in section 6.3. The two bodies are
therefore considered as rigid and motionless. We use the two formulations (BF and SF) to
compute the resultant force between the two bodies, which is given equivalently by
Z
Z
β2 b2 dv2 ,
β1 b1 dv1 = −
P =
(45)
B2

B1

where the body forces b1 and b2 are given by the integration over the neighboring body according
to eq. (6). (The equivalency of eq. (45) follows directly from eq. (6)). Within the finite
element method numerical integration is used to evaluate this expression. Here we consider the
numerical integration over the torus segment using both the BF and the SF formulation. Hence
we partition the torus into a large number of finite elements. For the BF formulation the force
resultant is given by the sum of the interaction forces over all finite element nodes nno , i.e.
P ≈

nno
X

fbn .

(46)

n=1

The nodal interaction forces fbn are computed elementwise from integration (35), where the
body forces bk are computed by the half-space formula (8). For the SF formulation the force
resultant is given by the sum of the interaction forces over all surface nodes nsno , i.e.
P ≈

n
sno
X
n=1
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ftn .

(47)

The nodal interaction forces ftn are computed elementwise from integration (36), where the
surface tractions T k are computed from expression (19). Since both bodies are considered
rigid, eq. (12) is exact so that the traction expression (19) is consistent with the body force
expression (8). Therefore the discretization error introduced by the finite element integration
must completely vanish as the element size approaches zero, and the force according to eqs. (46)
and (47) must converge to the exact result (45). This is shown by the convergence plot of figure
5. The convergence behavior for three cases is shown: the BF formulation where 23 and 33

Figure 5: Convergence of the resultant contact force P for the body force (BF) formulation
(46) and the surface force (SF) formulation (47)
quadrature points are used to integrate eq. (35), and the SF formulation where 22 points
have been used to integrate eq. (36). In all cases Gaussian quadrature is used for numerical
integration. The parameter m is introduced to describe the discretization of the torus: For a
given m, the mesh contains nel = 6720m3 volume elements and nsel = 2088m2 surface elements.
The error displayed in figure 5 is the error in P according to
E(m) :=

kP (m) − P (16)k
,
kP (16)k

(48)

i.e. relative to a very fine mesh with m = 16. Figure 5 shows that for two quadrature points
per dimension, SF is more accurate than BF. The surface force method is also much faster to
evaluate, since there are less function evaluations required: For m = 10 and three quadrature
points per dimension, the number of function evaluations is 1.81 × 108 for BF and 1.88 × 106
for SF.

6

Analysis of the FE formulation

The purpose of this section is to demonstrate the convergence and mesh independence of the
proposed 3D finite element formulation and to illustrate its behavior for strong adhesion and
large deformations. As a simple, straight forward model problem we analyze the nanoindentation of an elastic block by a rigid spherical indenter, as is shown in figure 6. The size of the
block is chosen as 2R0 × 2R0 × R0 , the radius of the sphere is denoted by R; for the examples
in this section we have used R = 0.9R0 . The bottom and the sides of the block are considered
14

Figure 6: Model problem: Indentation of a rigid sphere into a soft substrate

fixed in the normal direction; the top surface of the block is free. The sphere is pushed downward by a prescribed vertical displacement u, which requires to apply the load P (u). Initially
the two bodies are separated by the gap g = 1.25r0 . Due to the small size of the block the
boundaries will significantly affect the indentation behavior, and the solution will be different
from a half-space solution. It is therefore important to include the entire boundary in the SF
integration (36).
For a given point xk within the block, the projection onto the surface of the neighboring sphere,
which has the radius R and is centered at x0 , is given by the distance and direction
rk = |x0 − xk | − R ,

np =

xk − x0
.
|xk − x0 |

(49)

To characterize the size effect and the stiffness influence on the problem we use the ratios
γL =

R0
,
r0

γW =

W0
w0

(50)

(Sauer and Li, 2008). The length scales R0 and r0 are two characteristic lengths that characterize the overall problem geometry and the nanoscale equilibrium spacing of the Lennard-Jones
potential (5). W0 and w0 denote two energy densities that correspond to the energy stored in
the elastic deformation and in the adhesion. The densities are defined as
W0 = E ,

w0 =

AH
,
2π 2 r03

(51)

where E denotes Young’s modulus and AH denotes Hamaker’s constant. According to the
definition of Hamaker’s constant we can also write w0 = β01 β02 r03 . A large value of γW
corresponds to weak adhesion, whereas a low value for γW corresponds to strong adhesion.
The value γL characterizes the scale of the problem in relation to the atomic scale. The value
γL = 25 is chosen in the following computations. For van der Waals adhesion r0 is usually of
the order of 0.4 nm so that the size of the indenting sphere becomes R = 9 nm. This is large
enough to neglect the error in the half-space approximation analyzed in section 3.
In section 6.1 to 6.3 the test case is used to study the following four aspects:
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1. Influence of the strength of adhesion on the contact deformation
2. Convergence study of the FE solution
3. Analysis of the difference between the SF and BF formulation
4. Influence of the θk term in eq. (35)

6.1

Influence of adhesion

Figure 7 shows the influence of adhesion parameter γW on the solution of the contact problem.
For the shown cases we have varied the adhesion parameter γW between 1 and 1000. Considering

Figure 7: Influence of adhesion: Solution for γW = 1000, γW = 10, γW = 3 and γW = 1 (from
top left to bottom right) at u = 0.3R0 ; the stress coloring ranges from −0.54E (blue) to 0.27E
(red)
the common values r0 = 0.4nm and AH = 10−19 J the value γW = 1 corresponds to a material
with E = 80MPa (rubber-like), whereas the value γW = 1000 corresponds to a material with
E = 80GPa (metal-like). The prescribed displacement u is taken as u = 0.3R0 . The resultant
contact force P , as a function of γW , is shown in figure 10. (In the plot, three similar curves are
shown which are compared and discussed in section 6.3.) It can be seen that the the value of P
changes only slightly as long as the adhesion is still weak (in the range between γW = 1000 and
γW = 10). For strong adhesion (below γW = 10) the repulsive force P decreases quickly and
will eventually become negative (attractive). The coloring in figure 7 visualizes the field of the
vertical stress component σ33 . The range of σ33 lies between −0.54E (blue: compression) and
0.27E (red: tension). With varying γW , significant differences in the deformation and stress
field occur. These differences occur at the indentation boundary. It can be seen that for strong
adhesion, the surface bulges outward, due to the attraction between the bodies, and causes large
deformations locally.
16

6.2

Convergence study

Figure 8 shows the convergence of the finite element solution for four different FE discretizations
using 43 , 83 163 and 323 tri-linear hexahedral elements. The case of strong adhesion (γW = 1)
is considered. The displacement and stress coloring is the same as considered in figure 7.

Figure 8: Convergence study: Solution for γW = 1 and u = 0.3R0 using a mesh with 43 , 83 , 163
and 323 finite elements
To capture the deformation and stress field of the repulsive contact region at the center of
indentation a comparably coarse mesh is adequate. To capture the deformation and stress field
of the adhesive contact region at the indentation boundary a comparably fine mesh is required.
Therefore, as parameter γW decreases (i.e. as the strength of adhesion increases) a larger
mesh refinement is required. This is also illustrated by the convergence plot shown in figure
9. The convergence of two cases is shown: γW = 1 (strong adhesion) and γW = 1000 (weak
adhesion). As can be seen, the rate of convergence is much faster for the weak adhesion case.
The convergence study considered here demonstrates the mesh independence of the proposed
adhesive contact model. The SF formulation is used for the computation.

6.3

Difference between the SF and BF formulation

In section 5 we have investigated the accuracy of the body force and the surface force formulations, and showed their convergence to a common solution. In that study we did not consider the
deformation of the interacting bodies, so that the two formulations are equivalent and the only
error comes from the numerical integration needed to evaluate the interaction. If the bodies are
deformable, the SF formulation becomes an approximation to the BF formulation due to two
different effects: The first is the approximation (12) introduced in the derivation of the SF formulation. The second approximation comes from the fact that the different distribution of the
forces for the two methods (which are shown in figure 1), leads to a different deformation field
17

Figure 9: Convergence of the load P with increasing FE mesh size for strong (γW = 1) and
weak adhesion γW = 1000: More elements are required to resolve strong adhesion accurately

and thus a different solution. Both influences become less significant for smaller deformations
and vanish entirely in the infinitesimal deformation limit. For large deformations a significant
difference between the two formulations appears, which is what we now examine.
Using the model problem, we consider a prescribed displacement of u = 0.3R0 = 7.5r0 and
examine the contact load P (γW ) in the range between γW = 1000 and γW = 1 according to the
SF and BF formulations. The P (γW ) curves and their relative percentile error is shown in figure
10. The figure shows also a variant of the SF formulation which is obtained from setting the

Figure 10: Contact force P (γW ) at u = 0.3R0 for the BF and SF formulations (left); Difference
between the two formulations in dependence of γW (right)
quantity θk appearing inside fte (see eq. (36)) to θk = 1. It can be seen that the SF formulation
and its variant, are quite accurate for weak adhesion (large γW ), but become quite inaccurate
for strong adhesion (small γW ). For γW = 1000 the difference lies at about −0.2% for the SF
formulation and −0.5% for its variant. For γW = 10 the error lies at 4% and 3% and for γW = 3
we have about 23% and 18% difference. Due to the good accuracy for moderate adhesion (above
γW = 10) the SF formulation furnishes a useful and more efficient computational method than
the BF formulation. For strong adhesion, the θk = 1 approximation performs slightly better
than the unmodified SF formulation. The scalar θk contains two influences: the influence of the
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angle between the surface normals np and nk (i.e. the cos α-term in eq. (36)), and the influence
of the dilatation of the slave body Bk at the surface (i.e. the Jk -term). Setting θk = 1 assumes
that the dilation is negligible (Jk = 1) and that the contact surfaces are parallel (cos α = 1).
The results of figure 10 show that for weak adhesion the influence of θk is comparably large and
should not be ignored (the error increases by a factor of 2.5), for strong adhesion on the other
hand, eliminating the influence of θk can actually improve the SF formulation. Since the error
is still large in this case it is best to use the BF formulation.
Figure 11 shows the deformation and stress field σ33 for the BF and SF formulation. The solu-

Figure 11: Comparison of the deformation and stress σ33 according to formulations BF (left)
and SF (right) for the load P = 0.253ER02 at u = 0.3R0
tion is obtained for an adhesion parameter of γW = 1 for the SF formulation and γW = 3.19 for
the BF formulation. For these two cases the net contact force is equal (P = 0.253ER02 ). The
deformation and stress field, however, show significant differences between the two cases. For
the SF formulation the stress σ33 lies in the range between −0.546E and 0.272E, whereas for
the BF formulation it lies in the range between −1.174E and 0.0929E. The solution according to the BF formulation shows very large contact stresses and deformations at the center of
indentation. These stresses decay sharply as one moves from the surface into the block. This
behavior is caused by the strongly varying body force field according to eq. (8).
We finally note that the errors reported above correspond to the considered model problem with
a prescribed displacement of u = 0.3R0 . For other cases the error values change, although the
general trend remains the same. For example if we consider u = 0.03R0 , the error for γW = 1000
is only 0.04% for the SF formulation but 6.5% for its variant. At γW = 10 the values change
to 11.4% and 3.7% respectively. This again indicates that the SF formulation is excellent for
moderate adhesion but poor for strong adhesion. For strong adhesion an improvement can be
obtained if we consider the SF variant (setting θs = 1). However, the variant can be very poor
for moderate adhesion. In the example of gecko adhesion (see section 7) an adhesion parameter
of γW = 25.3 is obtained. According to figure 10 this means that the SF formulation can be
expected to be sufficient for modeling gecko adhesion.

6.4

Potential difficulties of the contact model

There are a few difficulties that can arise in the simulation of adhesive contact problems described by the model of eqs. (1)–(6). They stem from the fact that the Lennard-Jones potential
(5) has a highly irregular nature. These difficulties are:
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• According to the model, no undeformed equilibrium position exists for two interacting
deformable bodies. Unless the bodies are infinitely far apart, interaction forces appear
according to (5) and cause the deformation of the bodies.
• For strong adhesion an attractive instability appears during contact. This behavior is
known as jump-to-contact and jump-off-contact and is discussed in detail in Sauer and Li
(2007c). This phenomenon is particularly problematic in quasi-static simulations. Arclength methods or dynamic simulation techniques can be used to counter this difficulty.
• Since the potential (5) (and thus the contact stiffness) approaches infinity for r → 0 the
tangent matrix k can become ill-conditioned. This is particularly problematic if (a) large
load increments are taken and (b) the finite elements size is large. (In both cases ’large’
means relative to the resolution of function (5), which is characterized by the length scale
r0 .) The problem is worse for strong adhesion, since the contact stiffness is proportional to
the adhesion parameter AH . The problem can be eliminated if smaller load increments and
finer element discretizations are used. Other options are to bound the contact stiffness,
which then leads to a cross-constrained approach (Zavarise et al., 1998; Sauer, 2006), or to
use augmented Lagrangian techniques to enforce the impenetrability constraint (Wriggers
and Zavarise, 1993).
Since the presented contact formulation is similar to some of the classical contact approaches
(Wriggers, 2006), the difficulties known from these can also become relevant here. Two such
problems are the non-uniqueness and non-differentiability of the closest point projection onto
non-convex and non-smooth surfaces.

7

Applications

Initially the coarse-grained contact model (CGCM) has been implemented in 2D and used to
study several important applications. In Sauer and Li (2007c) the deformation of carbon nanotube cross-sections is studied and validated against existing numerical results. Sauer and Li
(2007a) show that the CGCM agrees well with the analytical adhesion model of Johnson et al.
(1971). The CGCM also agrees well with lattice statics computations as is shown in Sauer and Li
(2008). In Sauer (2009) the CGCM is combined with a 3D nonlinear beam formulation to model
the adhesion of gecko foot-hairs, and a good agreement between the model and experimental
results is found.
The 3D formulation of the CGCM developed here is suitable to study the adhesive behavior
of complex, three-dimensional structures. As an example we compute the deformation of an
adhering gecko spatula. The spatulae form the tips of the fine hairs that coat the gecko toes and
are responsible for the adhesion mechanism used by the gecko. They transfer the tensile forces
between substrate and the gecko toes during adhesion. The spatula consists of a cylindrical shaft
connected to a thin and flexible pad that can adapt and adhere to the underlying substrate.
The entire spatula is about 1000 nm long (see Sauer (2009) for further geometrical details).
Figure 12 shows a finite element computation of a gecko spatula adhering to a flat substrate.
The angle between substate and spatula shaft is considered at 50◦ . The contact computation
is based on the SF formulation. Due to symmetry, only half of the spatula is modeled. Around
10000 elements are used. The contact configuration shown in figure 12 has a zero net contact
force. Large deformations and high stresses occur inside the spatula pad at the boundary of
the contact zone. The coloring shows the distribution of the stress I1 = tr σ. The maximum
adhesive stress appears at the underside of the pad and has a value of about 0.11E. The material
parameters used for this computation are E = 4 GPa, ν = 0.2, AH = 10−19 J and r0 = 0.4nm,
20

Figure 12: Finite element computation of the adhesion of a single gecko spatula

which results in γW = 25.3 according to eqs. (50) and (51). Further details of the modeling and
simulation of spatula adhesion will be discussed in a future publication.

8

Conclusion

This paper presents two three-dimensional formulations for adhesive contact, denoted as the
body force (BF) and surface force (SF) formulation. Both contact formulations are based on an
molecular interaction potential that is incorporated into the framework of nonlinear continuum
mechanics, as is shown in section 2. The approach is for example suitable to describe van der
Waals interaction between deformable solids, as is considered in section 7. In the derivation of
both contact formulations, a half-space approximation is used to simplify the integration of the
interaction forces, and it is shown in section 3 that the approach is highly accurate for surface
curvature radii above 8nm. In section 4, the three-dimensional finite element equations for both
formulations are presented and the solution algorithm for general contact problems is discussed.
The accuracy and convergence behavior of the proposed contact model is investigated in detail
in sections 5 and 6. It is demonstrated that the SF formulation, which is more efficient that
the BF formulation, is highly accurate for moderate adhesion, but becomes inaccurate for very
strong adhesion. It is shown that a modification of the SF formulation can improve accuracy
for strong adhesion.
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A

Derivation of the FE tangent matrix

In this appendix the derivation of the finite element tangent matrix for the SF and BF formulation are provided. We start with the SF derivation and show that the BF derivation follows
from this.
According to the SF formulation, the FE force vector acting on the surface element Γe , that
discretizes the slave surface ∂Bk , is given by the integral
Z
e
NTe T k θk dA ,
fc = −
(52)
Γe0

where the function

  

AH
1 r0 9 1  r0 3
T k (rk ) :=
−
np
3 rk
2πr03 J` 45 rk

(53)

denotes the contact traction acting at xk ∈ ∂Bk . This function depends on the projection
distance rk and the orientation of the neighboring master surface ∂B` expressed by the surface
normal np . All other parameters are constants. Further we have
θk := −np · F −T
k Nk ,

(54)

where F k denotes the deformation gradient at xk and where N k denotes the surface normal to
Γe0 , the reference configuration of element Γe . With this the tangent matrix follows as
kec :=

∂fce
=−
∂ue

Z
Γe0

NTe

 ∂T

k

∂ue

θk − T k ⊗ np


∂F −T
k Nk
dA .
∂ue

(55)

The surface traction T k depends only on the surface displacement so that the first contribution of
kec depends only on the nodal displacements of surface element Γe . The deformation gradient F k ,
on the other hand, depends also on the interior displacements, so that the second contribution
depends on the nodal displacements of volume element Ωe that is connected to surface element
Γe . (We suppose here that Γe shares its nodes with Ωe ). It is shown that the first tangent
contribution is a symmetric (3nse × 3nse ) matrix, where nse denotes the number of the nodes
of surface element Γe . If bi-linear, 4-noded elements are used the size of the first contribution
is (12 × 12). The second tangent contribution is non-symmetric and non-quadratic: Since the
deformation at the surface also depends on internal nodes, the size of the second contribution is
(3nse × 3nve ), e.g. (12 × 24) for 3D tri-linear brick elements, where nve is the number of nodes
of the volume element Ωe connected to surface element Γe . In the following the two parts of kec
are derived:
First contribution:
Given the displacement relation xk = X k + uk between the current configuration Bk and a
fixed reference configuration B0k we find
∂T k
∂T k ∂xk
∂T k
=
=
Ne ,
∂ue
∂xk ∂ue
∂xk

(56)

according to eq. (30). Here Ne denotes the array of the shape functions of surface element Γe
according to eq. (31). Writing T k =: Tk np we find
∂(Tk np )
∂np
∂rk
= Tk0 np ⊗
+ Tk
,
∂xk
∂xk
∂xk
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(57)

with Tk0 = ∂Tk /∂rk and where


∂np
∂xp
1
1
∂rk
I−
− np ⊗
=
,
∂xk
rk
∂xk
rk
∂xk

(58)

since np = (xk − xp )/rk , and

 ∂x T 
∂rk
p
np ,
= I−
∂xk
∂xk

(59)

since rk = |xk − xp |. The remaining gradient can be found from
dxp =

∂xp
dxk
∂xk

(60)

by supposing that dxk = dxn np + dx1 ap1 + dx2 ap2 for some constants dxn , dx1 and dx2 . Here
ap1 and ap2 denote unit tangent vectors on ∂B` along the direction of the principal surface
curvatures, denoted as κ1 and κ2 . From geometrical considerations follows that
dxp =
so that

κ−1
κ−1
p
2
1
dx
a
+
dx2 ap2 ,
1
1
−1
κ−1
+
r
κ
+
r
k
k
1
2

(61)

∂xp
must be given by
∂xk
∂xp
κ−1
κ−1
ap1 ⊗ ap1 + −1 2
ap2 ⊗ ap2 .
= −1 1
∂xk
κ1 + rk
κ2 + rk

(62)

Since apγ · np = 0 (for both γ = 1, 2) we obtain from eq. (59)

and thus

∂rk
= np ,
∂xk

(63)

∂np
1
1
= −1
ap1 ⊗ ap1 + −1
ap ⊗ ap2
∂xk
κ1 + rk
κ2 + rk 2

(64)

according to eq. (58). From eq. (57) finally follows
Tk
∂T k
Tk
= Tk0 np ⊗ np + −1
ap1 ⊗ ap1 + −1
ap ⊗ ap2 .
∂xk
κ1 + rk
κ2 + rk 2

(65)

With eqs. (56) and (65) the first tangent contribution, kec1 , as given in section 4, is fully
specified.
Second contribution:
Since ue denotes the combined vector of the nve nodal displacements uI we have


∂F −T
∂F −T
∂F −T
k Nk
k Nk
k Nk
=
, ··· ,
,
∂ue
∂u1
∂unve

(66)

∂F −T
k Nk
which is a (3 × 3nve ) matrix that contains the nve (3 × 3) blocks
( for I = 1, ..., nve ).
∂unI
The inverse deformation gradient can be written as
F −1
k =

nve
X

X I ⊗ ∇x NI ,

I=1
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(67)

where ∇x NI is the gradient of the shape function NI w.r.t. the current configuration. Usually
the shape functions are defined on a master element. Given the gradient ∇ξ NI w.r.t. the
master configuration we have
∇x NI = J −T ∇ξ NI ,
(68)
where
J=

nve
X

xI ⊗ ∇ξ NI

(69)

I=1

is the Jacobian relating the current and the master configuration (Wriggers, 2008). Introducing
v I := ∇x NI we now find
nve
X
∂F −T
∂v J
k Nk
=
(X J · N k )
(70)
∂uI
∂uI
J=1

since X I and N k are constant. Introducing wI := ∇ξ NI , which is a constant w.r.t uI , we can
write in index-notation
∂[J −T ]ij [wJ ]j
∂[J −T ]ij ∂[J T ]st
∂[v J ]i
=
=
[wJ ]j ,
∂[uI ]k
∂[uI ]k
∂[J T ]st ∂[uI ]k

(71)

∂[J T ]st
= [wI ]s δtk
∂[uI ]k

(72)

∂[J −T ]ij
= −[J −T ]is [J −T ]tj ,
∂[J T ]st

(73)

∂[v J ]i
= −[J −T ]is [wI ]s [J −T ]kj [wJ ]j ,
∂[uI ]k

(74)


∂v J
= − J −T wI ) ⊗ (J −T wJ .
∂uI

(75)



∂F −T
k Nk
= − J −T ∇ξ NI ⊗ F −T
Nk
k
∂uI

(76)

where

and

so that

i.e.

From eq. (70) then follows

so that the second tangent contribution is also fully specified.
The tangent derivation for the BF formulation is almost identical to the derivation of the first
tangent contribution of the SF formulation. In order to find the derivative of the FE force
vector fbe , given in eq. (35), we introduce the vector B k := βk0 bk . The vector B k has the same
structure as vector T k (although the actual function and the units are different) and so the
∂B k
is given by eq. (39) analogously to (65).
derivative
∂xk
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