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Abstract
In this work, we present a 3D model capable of describing the detailed interactions involved
in self-cleaning mechanisms, which are exhibited by some hydrophobic surfaces. The model is
based on a continuum mechanical formulation, and is discretized using the finite element (FE)
method. A stabilized FE formulation is used to model the liquid membrane. The microstructure of the surface is modeled by spherical functions, which represent the surface asperities.
When these surfaces are wetted by liquid droplets, local contact regions can be captured at
the individual asperities. Generally, the contact angle which characterizes the surface has a
dominant effect on the wetting behavior. Based on the presented model, the deformation of a
3D droplet in contact with a micro-structured hydrophobic surface can be computed for given
droplet and surface parameters. Furthermore, the same model can be adapted to capture the
interaction between the droplet and contaminant particles. Knowing the local membrane deformation at each particle, the equilibrium forces acting on the particle can be computed. This
can help in providing an answer to the question: Does self-cleaning work for given droplet and
particles parameters? Numerical examples are shown for two types of interactions: wetting on
rough surfaces represented by spherical functions, and contact of liquid membranes with rigid
spherical particles.
Keywords: Self-cleaning mechanism, contact angle, static wetting, nonlinear finite element
analysis, droplet membranes.
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Introduction

Computational treatments of wetting problems provide in many cases explanations for physical
phenomena, which are difficult and sometimes even impossible to be obtained through experiments. Therefore, several numerical techniques are utilized to solve such problems, based on
mathematical models. Wetting is often modeled by a system of a liquid droplet in contact with
a substrate surface with a predefined contact angle. The first mathematical equation which
describes the contact angle of a solid flat surface was introduced in 1805 by Young [1]. Wenzel
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[2] extended Young’s equation to model surface roughness, considering that the liquid fills the
gaps between the surface asperities, and a non-composite state exists in the contact region. The
composite state, where air fills the gaps between the asperities was first proposed by Cassie and
Baxter [3]. They found out that the hydrophobicity, i.e the wetting of a surface is significantly
affected by the air-surface area fraction. This conclusion was enhanced by Johnson and Dettre
[4] who argued that surfaces of higher roughness are more likely to be in the composite state
during wetting.
The multi-scale nature of hydrophobic surfaces is mathematically modeled by Osman et al.
[5] and Osman and Sauer [6] by considering superposed exponential functions with multiple
levels representing different length-scales. Using the finite element method (FEM), these works
studied the effect of the contact angle captured locally at the individual asperities on the wetting
behavior, considering axisymmetric droplets. Investigations on the effect of surface roughness
on wetting at the macro-level are provided by Raeesi et al. [7], and at the nano-level by Lee
et al. [8].Kavousanakisa et al. [9] studied the patterns of surface roughness which influence the
transition between Cassie-Baxter and Wenzel wetting states.
Numerically, static droplets in contact with flat surfaces were first modeled by Brown et al.
[10], who derived a FE formulation to solve the Young-Laplace equation. Their Cartesianbased formulation was, however, limited to contact with flat surfaces. In order to capture
complex geometries at the contact interface, it is useful to use curvilinear coordinates to describe
surfaces and displacements as done by Steigmann et al. [11], and Agrawal and Steigmann
[12; 13]. A general 3D model for droplets in contact with rough surfaces based on curvilinear
coordinates is presented by Sauer et al. [14] and Sauer [15]. A stabilized FE formulation
for static liquid membranes was used to model the droplet. Here, we employ this model to
account for different contact angles representing wetting on rough surfaces. Furthermore, we
use the model to describe the interactions between contaminant particles and liquid membranes,
which take place in self-cleaning mechanisms. This work extends the 2D model introduced by
Osman and Sauer [16], and provides a general 3D framework for modeling interactions between
membrane interfaces and rigid particles. Examples shown here are limited to static contact
angles, however the model can be extended to account for the contact angle hysteresis.
This paper is organized as follows: Section 2 provides a brief overview on the basic definitions
used in differential geometry, on which the droplet membrane model is based. Then the model
describing a self-cleaning system is illustrated in Section 3, where the following individual submodels are introduced: the droplet model, the substrate surface model and the model discussing
the particle-droplet interaction. The governing equations of these models are presented in
Section 4, followed by the force analysis for the last model performed in Section 5. Numerical
examples are shown in Section 6 in order to clarify the theory. In the end, we outline the
summary of the presented work in Section 7.
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Basic relations in differential geometry

Here, we briefly overview the basic definitions and relations used to describe curvilinear coordinate systems in Euclidean space. These definitions are used to derive the governing equations
in Section 4. The kinematics of the membrane is also expressed in differential geometry. For
further discussion on the topic refer to Carmo [17] and Kreyszig [18]. A two-dimensional surface S is characterized by a general set of coordinates (ξ 1 , ξ 2 ) as shown in figure 1. The point
(ξ 1 , ξ 2 ) in the parameter domain P and its mapping x on the surface S are defined by the vector
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Figure 1: 2-D Surface in curvilinear coordinates
x = x(ξ 1 , ξ 2 ). The associated tangent vectors read
aα =

∂x
,
∂ξ α

α = 1, 2.

(1)

These tangents are generally non-orthogonal and are not normalized. Greek indices take values
in 1, 2, and repeated indices are summed according to index notation. Eq.(1) defines the basis
for the tangent plane at x, which is characterized by the metric tensor
aαβ := aα · aβ ,

(2)

with the contra-variant components of the metric tensor defined by
aαβ := [aαβ ]−1 .

(3)

The normal vector can then be defined as
a1 × a2
n= p
.
det[aαβ ]

(4)

The contra-variant pair of tangent vectors can be defined in terms of aαβ as
aα = aαβ aβ ,

(5)

which satisfies aα · aβ = aαβ . Then it can be easily shown that
aα · aβ = δβα ,

(6)

where δβα is the Kronecker symbol. From the definitions of aαβ and aαβ in Eqs.(2) and (3), it
follows that
aαβ aαγ = δγβ .
(7)
The basis {a1 , a2 , n} constitutes a dual basis on the tangent plane, with aαβ as the dual metric.
A vector v in R3 can then be decomposed using both bases {a1 , a2 , n } and {a1 , a2 , n} as,
v = v β aβ + vn n = vβ aβ + vn n,

(8)

where vβ and v β are, respectively, the co-variant and contra-variant components of the vector
3

v, defined as
v β = v · aβ

vβ = v · aβ .

and

(9)

The co- and contra-variant components are related by
v β = aβα vα

and

vβ = aβα v α .

(10)

Surface tensors generally take the form
σ = σ αβ (aα ⊗ aβ ) = σ = σαβ (aα ⊗ aβ ).

(11)

Using Weingarten formula, the curvature tensor can be expressed in terms of the derivative of
n as
bαβ = −n,α · aβ .
(12)
The derivative of aα can be computed from Eq.(1) as
aα,β = x,αβ ,
with x,αβ =

∂2x
. Next, we introduce the so-called co-variant derivative of aα ,
∂ξ α ∂ξ β
aα;β := aα,β − Γγαβ aγ .
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(13)

(14)

System model

We consider the system model depicted in figure 2, which describes the self-cleaning mechanism
through the following sub-models; (1) droplet model, (2) substrate surface model, and (3)
particle-droplet interaction model. Since quasi-static conditions are considered in this work, it
is convenient to treat the droplet as a hydrostatic bulk and a deformable liquid membrane. The
latter is modeled using the stabilized FE formulation introduced by Sauer [15], which captures
the in-plane equilibrium of the membranes due to constant surface tension. The multi-scale
nature of self-cleaning surfaces can be mathematically modeled as 2D sinusoidal functions as
done by Bittoun and Marmur [19], and Iliev and Pesheva [20], or as superimposed 2D exponential
functions as in Osman and Sauer [6]. Here we introduce a new 3D surface model based on
superimposed spherical functions, parameterized by the radii and spacings between neighboring
spheres. This model represents the micro-scale level, where only one level of roughness is
captured. Surface and line contact algorithms are incorporated in the liquid membrane model,
in order to capture wetting on the individual asperities of the rough surface. The third model
presented in this work discusses the forces acting on a rigid spherical contaminant particle
interacting with the liquid membrane, in order to assess whether the contaminant particle will
be lifted towards the droplet or remains attached to the substrate surface. The liquid membrane
formulation used in the first model is employed here, and the contact algorithms are adapted
to model the interactions with spherical rigid particles.
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Figure 2: Self-cleaning system model comprising: droplet membrane model, substrate surface
model, and particle-droplet interaction model.

4
4.1

Governing equations
Droplet membrane

The equilibrium equation of the static membrane surface Ss can be expressed as
tα;α + f = 0,

(15)

where tα;α is the covariant derivative of the membrane traction t, and f is the vector of body
forces. The latter can be split into the in-plane and out-of-plane components
f = f α aα + pn,

(16)

where f α (α = 1, 2) are the tangential components of the traction, and p is the normal pressure.
The traction on the surface, normal to aα , can be defined in terms of the interface stress σ as
tα = σaα .

(17)

Substituting Eqs.(17) and (16) into (15) and performing some manipulations yields two balance
equations: one in the in-plane direction,
αβ
σ;β
+ f α = 0,

(18)

and the other in the out-of-plane direction
σ αβ bαβ + p = 0.
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(19)

For liquid membranes, the surface tension is a hydrostatic stress state, σ αβ = γaαβ , and Eq.(19)
becomes the well-known Young-Laplace equation which is often written as
2Hγ + p = 0,

(20)

where H denotes the mean curvature defined by 2H = bαα , while bαβ are the mixed components
of the curvature tensor, and bαα = b11 + b22 . The pressure p is defined w.r.t a predefined reference
level and comprises the capillary pressure p0 and the hydrostatic pressure,
p = p0 + ρs gu,

(21)

where u is the surface height w.r.t the reference level. The dimensionless form of Eq.(20) is
obtained through dividing it by γL0 , where L0 is a reference length,
2H̃ = λ + B ũ,

(22)

where λ is the Lagrange multiplier representing the capillary pressure, B ũ is the hydrostatic
pressure, with B = ρs gL20 /γ is the so-called Bond number, H̃ and ũ are respectively the normalized curvature and surface height. ρs is the density of the liquid and g is the gravitational
αβ
in Eq.(18) vanish for liquid membranes with constant surforce. The covariant derivatives σ;β
face tension, which means that Eq.(18) is trivially satisfied for arbitrary values of traction f α .
Physically interpreted, hydrostatic membranes do not naturally support in-plane loads. A stabilization scheme is therefore essential as a numerical treatment for the in-plane stability. Here
we use the scheme proposed by Sauer [15], which substitutes σ αβ in Eq.(18) by the stabilization
stress
αβ
αβ
σsta
= µ/J(aαβ
(23)
pre − a ),
where µ is the stabilization parameter, J is the Jacobian, and aαβ
pre is the metric tensor computed
in the previous load step. Using this scheme requires very small load steps through which the
αβ
solution is gradually reached when σsta
eventually vanishes, satisfying Eq.(18).

4.2

Surface Contact

In computational contact mechanics it is conventional to denote two surfaces in contact as
master surface Sm (often a rigid surface) and slave surface Ss (usually the deformable surface).
The 3D substrate surface Sm is mathematically modeled as a set of spheres representing the
physical asperities. The surface is characterized by the radius of the sphere, and the spacing
between the neighboring spheres. Both parameters are usually functions of the droplet radius.
We use the closest point projection technique (see Wriggers [21]) to determine contact between
the membrane and the substrate surface. We consider a point xc which lies on the membrane
surface, and find its projection on the substrate surface at xp . The impenetrability constraint
characterized by the gap between the two surfaces gn then reads,
gn = (xc − xp ) · np ≥ 0,

∀ xc ∈ Ss ,

(24)

where xp is the closest projection of the membrane point xc onto the substrate surface Sm in
the direction np , normal to Sm .
Generally several projections of xc might exist, and therefore an iterative solution is necessary
to compute all possible projection points xm , satisfying the orthogonality condition,
am · (xc − xm ) = 0,
6

(25)

where am is the surface tangent on Sm at xm . In order to find the closest projection point xp
among the possible solutions, a minimum distance problem has to be solved,
xp (xc ) =

min (xc − xm ),

∀xm ∈Sm

∀ xc ∈ Ss .

(26)

Since the substrate surface here is represented by spheres, the projection xp , the normal np
and the gap gn can be explicitly determined without any further iterative steps. Knowing the
position of the center of the sphere r 0 , we can define the normal np as
np =

xc − r 0
.
kxc − r 0 k

(27)

The projection xp on the sphere of radius rs simply lies on the line connecting the center of the
sphere and the point xc , and can be defined as
xp = r 0 + rs np .

4.3

(28)

Line contact

Wetting is mainly characterized by the contact angle formed at the liquid and solid interfaces at
the contact line Lc , the location at which the three phases meet. In this study, we distinguish
two different contact interfaces; 1) the liquid membrane with the substrate surface with contact
angle θc , and 2) the liquid membrane with the contaminant particle with contact angle θp . In
both cases, the location of the contact line in a quasi-static framework is maintained by the
balance of the interfacial tractions tSG , tLG and tSL at the solid-gas, liquid-gas and solid-liquid
interfaces, respectively, through
tSG + tLG + tSL + q n = 0,

(29)

where q n = qn nc is the line load which counterbalances the projection of tLG onto the normal
direction nc w.r.t Sm . These tractions are illustrated in figure 3 which depicts one quarter
of a droplet resting on a flat surface with contact angle θs . Both tractions tSG and tSL have
opposite directions along the vector mc which is normal to the surface tangent ac and lies on
the surface Sm . The force tLG = γLG am is tangent to the liquid membrane at the plane which
forms the contact angle θc with the master surface Sm . The normal and tangential components
of Eq.(29) w.r.t Sm , respectively read
γSG − γLG cos θ − γSL = 0,

(30)

qn − γLG sin θ = 0,

(31)

where γSG , γLG and γSL are the interfacial tensions at the respective interfaces. We note
here that γLG = γ is used in Section 4.1. The above equations hold for interactions on both
substrate surfaces θ = θc and contaminant particles θ = θp . Computationally, the contact angle
θ is imposed within the membrane as a kink by applying a certain load q c at the contact line,
q c = qn nc + γSG mc .

(32)

This load q c has to balance the tractions tLG and tSL (see figure 3). Therefore, computing q c
requires determining the vectors nc , ac , and mc . The normal nc is computed w.r.t to the known
substrate surface at the contact point, by considering the closest point projection as mentioned
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in the surface contact, while the tangent ac is determined at the membrane point xc as
ac =

∂xc
.
∂ξ

(33)

The vector mc is the cross-product of ac and nc , defined as
mc =

ac × nc
.
kac × nc k

(34)

For further details we refer to Sauer [15].

(a)

(b)

Figure 3: Forces along the contact line: (a) 3D view, and (b) 2D side-view.
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Force analysis

We consider a rigid spherical contaminant particle of radius rp and density ρp initially resting
on a substrate surface and interacting with a liquid droplet under quasi-static conditions (see
figure 4). Four forces are involved in this interaction: particle weight FG , contact line force
FCL , hydrostatic force FH , and buoyancy force FB , defined as follows:
4
FG = πrp3 ρp g,
3
I
FCL =
tLG dLc ,

(35)
(36)

Lc

Z
p n dAs ≈ p0 As N,

FH =

As = 2πrb,

(37)

As

FB = ρs gVs N,

Vs =

8

πb
(3a2 + b2 ),
6

(38)

where n is the normal to the wetted area As , while Vs is the wetted volume of the particle, N is
the normal to the contact line along the particle axis, and a & b are distances defined in figure
4. In order to define F CL , the traction tLG is computed from Eq.(29). The effective force Fe is
the summation of all forces,
F e = F G + F CL + F H + F B .

(39)

The vertical component of Fe determines whether the particle is pulled upwards towards the
droplet or not. In case a contact angle hysteresis evolves, the dynamic contact angles can be
obtained through the tangential equilibrium, i.e the in-plane component of Fe .
Among the above parameters, the following require computation of the membrane deformation:
(1) the location of the contact line Lc w.r.t the particle (represented by the distances a & b), (2)
the traction along the liquid-gas interface tLG , and (3) the internal pressure p0 . Friction and
surface adhesion between the particle and the substrate are not considered in this work. The
example shown in figure 4 represents a special case of the general model depicted in figure 2
where the contaminant particle can be initially located anywhere on the droplet surface.

Figure 4: Schematic of the forces acting on a particle resting on a flat substrate surface, and in
contact with a liquid droplet (Osman and Sauer [16]).
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Results and Discussion

Based on the sub-models described above, we present two numerical examples: (1) wetting of
droplets on a rough surface, and (2) adhesion of contaminant particles to a droplet surface.
Quasi-static conditions are considered in both examples. We distinguish the parameters for the
substrate surface in the first example (θs , γSL |s , γSG |s , γLG , Vs , ρs ), from those for the particle
in the second example (θp , γSL |p , γSG |p , γLG , Vp , ρp ). It shall be noted here that the interfacial
tension γSL |s is not necessarily the same as γSL |p .

6.1

Wetting on Rough surface

Superhydrohobic surfaces are characterized by a liquid contact angle θs ≥ 150. This angle is
locally captured at the individual asperities at the micro-scale, where the surface roughness
9

can be visualized. For a flat surface, however, only one global contact angle is observed. In
order to distinguish between the two, we consider the examples shown in figures 5, 6, and 7
for a droplet in contact with a flat surface with θs = 180, rough surface with θs = 180 and
with θs = 150, respectively. Load-driven conditions are considered here, where the applied load
is simply the gravity ρs g = 2γ/2R2 , where R is the undeformed droplet radius. The radii of
the spheres representing the surface roughness rs = 0.05R, and the distance between each two
neighboring asperities 4x = 0.2R. As discussed in Section 4.1, numerical instability problems
appear while modeling liquid membranes since they do not naturally equilibrate in-plane loads.
Therefore, the stabilized finite element formulation introduced by Sauer [15] is employed to
model the membrane. The stabilization parameter µ = γ is used in the computations. The
penalty parameter used for applying the surface contact constraint is n = 104 γ/R.
As observed in figures 5, 6, and 7, there is almost no change in the overall droplet deformation
due to changing the roughness parameters and the contact angle. Decreasing the contact angle
below 150◦ eventually will lead to a complete wetting (Wenzel state) of the surface, for the
given surface parameters. Furthermore, the global contact angle is almost 180◦ in the three
cases, although different local contact angles are captured at the rough surfaces in figures 6 and
7. This means that the wetting behavior of superhydrophobic surfaces is independent of the
contact angle, as long as the latter is sufficiently large (about 150◦ in this example), and under
partial wetting state (Cassie-Baxter). This observation is only valid when the surface roughness
parameters are relatively small compared to the droplet size.

Figure 5: FE solution for a droplet in contact with a flat surface, θs = 180◦ .
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Figure 6: Left: FE solution for a droplet in contact with a rough surface, θs = 180◦ . Right:
zoom in.

Figure 7: Left: FE solution for a droplet in contact with a rough surface, θs = 150◦ . Right:
zoom in.

6.2

Adhesion between droplet surface and a contaminant particle

In self-cleaning applications, contaminant particles are usually so small compared to the liquid
droplet such that the surface of the droplet appears almost planar to the particle. This allows
reducing the model to a simple square sheet representing the initial configuration of a liquid
membrane. In order to avoid boundary effects, the dimensions of the membrane are considered
to be large enough so that the undeformed membrane surface at the boundary is approximately
flat. An interacting contaminant particle is represented by a sphere of radius rp , as in figure
8. The membrane can thus be considered fixed at the boundaries. The capillary pressure effect
can still be considered in this model by applying a volume constraint on the membrane (Sauer
[15]).
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Figure 8: Left: 3D view of an FE solution for a liquid membrane in contact with a spherical
rigid particle with contact angle θp = 90◦ . Right: 2D side-view.
Now we employ this model to compute the membrane deformation due to contact with a spherical particle considering a predefined contact angle θp . Based on this deformation, we can
compute the unknown parameters discussed in Section 5, and evaluate the equilibrium forces.
In the following example, we consider a square membrane of dimensions 5L0 × 5L0 , in contact
with a rigid sphere of radius rp = L0 (see figure 9). The membrane is deformed under the
distributed contact line load q c defined in Eq.(32), applied along the contact line. Due to the
symmetry of the system, it is enough to run the computations for one quarter of the system,
after applying the appropriate boundary conditions. Furthermore, we assume the plane formed
by the closed contact line to be horizontal. This assumption is, however, only limited to this
example and not to the equations in Section 5, which are applied to any orientation of the
contact line.
Figure 10 shows the membrane deformation for contact with spheres of contact angles θp =
150◦ , 120◦ , 90◦ and 30◦ . Larger deformations are noticed for lower contact angles, where the
net contact line force F CL points inwards, pulling the sphere towards the liquid membrane.
This result agrees with the physical fact that droplets tend to stick to hydrophilic surfaces
through maximizing the area of contact. On the other hand, hydrophobic spheres are subjected
to repulsive contact line forces pushing them away from the liquid membrane. Based on the
obtained results, the forces in Eqs.(36,37) and (38) are computed, and the effective force F e · e3
is plotted in figure 11 for spheres of different contact angles. The region where F e · e3 is below
zero in figure 11 means that the effective force is not enough to lift the sphere towards the
liquid membrane. However, the positive values of F e · e3 indicate a lift off since the contact
line force overcomes the other forces. The point at which the effective force flips direction is
denoted in figure 11 as a critical point. This indicates when the self-cleaning is activated and the
contaminant particle is attached to the droplet. It is important to note here that the direction
of the contact line force, plotted in figure 10, is not necessarily the direction of the effective
force, since the other forces (F H , F G , and F B ) pointing downwards might dominate, depending
on the sphere and membrane parameters. In the above computations the density of the particle
ρp is chosen to be the same as the density of the liquid ρs . Different results can be obtained for
different sizes and densities of the spherical particle.
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Figure 9: Initial configuration of a liquid membrane sheet in contact with a rigid sphere with
contact angle θp = 180◦ . Dimensions are normalized by the characteristic length L0 .
(a)

(b)

(c)

(d)

Figure 10: FE solution of a deformed liquid membrane in contact with a sphere of contact
angle (a) to (d): θp = 150◦ , 120◦ , 90◦ , and 30◦ . The red arrows represent the directions of the
distributed contact line traction tLG .
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Figure 11: Effect of contact angle on the equilibrium force of particles with radii rp = L0 .
The precision of the computations depends on the number of load steps taken over the contact
angle. Detailed discussion on convergence of the numerical scheme used here can be found
in Sauer [15]. Penetrations of the liquid membrane into the rigid surface are observed in the
contact regions in figures 5, 6, 7, 8 and 10 due to the use of the penalty method, which is
an approximation method. This problem can be eliminated by using other exact methods to
enforce the surface contact constraint, which significantly increase the computational cost.

7

Conclusions

Static wetting of hydrophobic surfaces considering surface roughness is computationally studied through an introduced 3D model based on FEM. The same model is adapted to describe
the interactions between contaminant particles and droplet surfaces, which are involved in selfcleaning mechanisms. These interactions are analyzed thorough a force balance to determine
whether a contaminant particle in contact with a liquid surface will be lifted off towards it or
sticks to the substrate. The force balance shows that the net contact line force is dominant for
relatively small particles w.r.t the droplet. Examples shown in Section 6.2 help in explaining
the self-cleaning effect through the introduced model. Furthermore, it is shown that superhydrophobicity is attainable for surfaces with sufficiently large contact angles (approximately
150◦ ), as long as Cassie-Baxter wetting state exists. Such an independence from the contact angle can help in reducing the structural requirements while fabricating artificial superhydrophobic
surfaces.
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