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Abstract
A new approach to obtain a volumetric discretization from a T-spline surface representation is
presented. A T-spline boundary zone is created beneath the surface, while the core of the model
is discretized with Lagrangian elements. T-spline enriched elements are used as an interface
between isogeometric and Lagrangian finite elements. The thickness of the T-spline zone and
thereby the isogeometric volume fraction can be chosen arbitrarily large such that pure Lagrangian and pure isogeometric discretizations are included. The presented approach combines
the advantages of isogeometric elements (accuracy and smoothness) and classical finite elements
(simplicity and efficiency).
Different heat transfer problems are solved with the finite element method using the presented
discretization approach with different isogeometric volume fractions. For suitable applications,
the approach leads to a substantial accuracy gain.
Keywords: volumetric meshing, isogeometric analysis, T-splines, surface enrichment, zone enrichment, finite elements analysis
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Introduction

In engineering design, geometry models are typically given as surface representations. Computeraided design (CAD) software commonly uses splines to define curves and surfaces. The most
widespread splines in CAD are non-uniform rational basis splines (NURBS) that are only globally refinable. T-splines were introduced by Sederberg et al. (2003) to overcome this drawback.
Hughes et al. (2005) proposed the isogeometric analysis (IGA) that uses splines as basis functions for finite element (FE) analysis. Thus, surface geometries can be directly used in analysis
without any further discretization. The use of T-splines in IGA was presented by Bazilevs et al.
(2010). Since T-splines allow local refinement, the computational effort of numerical simulations
can be drastically reduced. Incorporating isogeometric elements into a FE framework can be
done conveniently with the Bézier extraction operator for NURBS (Borden et al., 2011) and for
T-splines (Scott et al., 2011).
Bommes et al. (2013b) give a complete survey of existing quad-meshing and processing techniques, including generalizations to T-spline meshes (Myles et al., 2010). A very promising
class of algorithms is based on global parametrization (Kaelberer et al., 2007; Bommes et al.,
2009). A recent reliable variant is presented in Bommes et al. (2013a). It is able to generate
fine quad-meshes and coarse quad layouts from surface triangulations by the construction of
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so-called Integer-Grid-Maps. Campen et al. (2015) obtain similar results but in a more scalable
manner by a tailor-made optimization algorithm for the involved mixed-integer problem. The
resulting quad-meshes are well suited as control meshes for high quality spline surfaces as for
instance NURBS or T-splines.
To apply numerical simulation on a volumetric body, however, a discretization of the entire
volume is required. Unfortunately it is well known that a high-quality NURBS (surface) representation cannot always be extended to a conforming representation of the volumetric interior
(Blacker, 2000). The technical reason is that not every high-quality quadrilateral mesh is the
surface of a high-quality (volumetric) hexahedral mesh. Our approach to overcome this barrier
is to give up the requirement of a pure hexahedral discretization of the interior but instead allow
the transition to non-hexahedral elements in less critical interior parts away from the surface.
There are other approaches following a similar idea. A method to discretize a model described
by a NURBS surface with three-dimensional linear and isogeometric elements is presented in
Martin et al. (2012). One or multiple layers of pure NURBS elements are located at the surface.
An additional midstructure is required to create the isogeometric elements. The resulting mesh
contains a geometric discontinuity between the NURBS and the Lagrangian elements. The
latter deficiency has been fixed by the use of higher order Bézier elements in the interior (Zeng
and Cohen, 2015). Nevertheless only C 0 -continuity can be obtained in the core.
Klinkel et al. (2015) present a hybrid method that only discretizes the surface by means of
NURBS while volumetric mesh generation is avoided. The governing equation is solved by
numerical integration at the surface and by collocation inside the body. The hybrid method
gives accurate results in the investigated linear elasticity problems. But it is only applicable to
surfaces that enclose a point from which the whole surface is visible.
An approach to obtain high quality B-spline solids is presented in Wang and Qian (2014). It
avoids mesh distortion by a divide-and-conquer approach, but it requires a six B-spline boundary
surface description of the input. Xu et al. (2013) present a method to obtain analysis-suitable
trivariate NURBS and improve the mesh quality by reparametrization of the NURBS surface
using Möbius transformation (Xu et al., 2014). The creation of volumetric NURBS is realized
by Coons method that requires the same degree and the same number of control points at
opposite NURBS surfaces. Knot insertion and order elevation (Hughes et al., 2005) have to
be performed therefore as a pre-processing step. Zhang et al. (2013) present an approach for
volumetric T-spline construction that considers boundary layers. The method is restricted to
genus 0 surfaces that have exactly eight extraordinary points.
The introduced methods are restricted in the topology and shape of the input surfaces. A large
part considers only NURBS or B-splines. In this work we present a new method for volumetric
discretization from T-spline surfaces that
• is applicable to arbitrary surfaces, considering here genus 0
• preserves the shape (incl. sharp features) and continuity of the boundary
• combines isogeometric and Lagrangian elements
• contains pure isogeometric and pure Lagrangian meshes as special cases.
Enrichment of Lagrangian elements with one T-spline face is introduced and used in the present
approach. Sevilla et al. (2008) present an enrichment technique, that maps Lagrangian elements
to a NURBS surface. This approach is restricted to rigid NURBS surfaces. Enrichment of linear
finite elements with p-refinement in 2D and in 3D and with Hermite interpolation in 2D is presented in Sauer (2011, 2013). Finite elements with NURBS curves and surfaces are presented in
Corbett and Sauer (2014) and generalized to 3D isogeometrically enriched elements in Corbett
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and Sauer (2015).
Such elements can be used as an interface between spline meshes and linear meshes. This
interface can lie on the surface (surface enrichment) or somewhere inside the body (zone enrichment). Surface enriched models are especially suitable for the simulation of surface dominated
problems. Corbett and Sauer (2014, 2015) show good results for contact problems in solid
mechanics. The creation of boundary layers (zone enrichment) gives numerical benefits in fluid
mechanics (Rasool et al., 2016). The examples considered in these works use structured meshes
and simple geometries.
The method presented here is based on an approach that is briefly introduced in Corbett and
Sauer (2015). Here, the input T-spline surface (Figure 1(a)) is additionally mapped on a sphere
(Figure 1(b)) before it is discretized.
There are several approaches to obtain a volumetric spline discretization by mapping an input
surface on a polycube (Wang et al., 2008, 2012, 2013; Li et al., 2010; Liu et al., 2014, 2015).
However, these approaches create splines that approximate a surface triangulation. They do
not use a spline surface as input.
Creating layers of volumetric T-spline elements beneath the surface is referred to as T-ZEN
(where ZEN denotes zone enrichment). The total thickness of all T-spline layers can be chosen
between 0 (pure linear discretization) and the radius of the sphere (pure isogeometric discretization). The resulting pure isogeometric discretizations are C k -continuous (with k ≥ 1)
everywhere except for the sphere’s center which remains C 0 -continuous. The creation of Lagrangian elements is realized automatically with a commercial meshing tool.
The volumetrically discretized sphere (Figure 1(c)) is morphed back into the input surface to
obtain the final discretization (Figure 1(d)) that is then used in numerical simulations. In contrast to Martin et al. (2012) T-ZEN produces watertight volumetric models. The continuity
is comparable to Zeng and Cohen (2015) while the numerical effort is reduced due to the use
of linear Lagrangian elements instead of high order Bézier elements. Numerical computation
with pure isogeometric discretization is accurate but also very costly. T-ZEN allows to make a
compromise between accuracy and efficiency, depending on the application.
The following section gives a brief overview over the theoretical background of IGA and the heat
equation which serves as the governing equation for subsequent numerical simulations. Section
3 presents different discretization strategies with isogeometric and Lagrangian elements, the
FE enrichment and the mesh generating procedure T-ZEN in detail. Numerical examples are
shown and compared to analytical solutions in Section 4. Heat conduction and convection is
applied to surface and zone enriched models. The work is concluded in Section 5.

→

(a)

→

→

(b)

(c)

(d)

Figure 1: Mesh generation procedure: original surface mesh (a), morphed surface mesh (b),
volume mesh (c) backward-morphed volume mesh (d)
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Preliminaries

This section gives a brief overview of isogeometric analysis using T-splines (2.1) and the heat
equation (2.2) which serves as governing equation in the numerical experiments (Section 4).
Readers who are familiar with IGA and heat transfer may skip Section 2.

2.1

Isogeometric analysis

This section focus on T-splines and Bézier extraction, since they are directly needed in Section 3.
Detailed information on the basics of IGA can be found for instance in Hughes et al. (2005)
and in Cottrell et al. (2009).
2.1.1

T-splines

Non-uniform rational basis splines (NURBS) are most commonly used in CAD and in IGA.
In contrast to geometries that consist of Lagrangian elements, NURBS geometries can only
be refined globally (see Piegl and Tiller (1997) for details on NURBS). Global refinement can
lead to a superfluous increase in the number of elements and control points. T-splines are a
generalization of NURBS that use local knot vectors to overcome this deficiency.
A point x ∈ R3 on a d-variate T-spline geometry is given as
x(ξ) =

M
X

P A RA (ξ),

(1)

A=1

where P A ∈ R3 denotes a control point and RA is the corresponding T-spline basis functions
with parametric coordinates ξ = {ξ ` }d`=1 .
The index space representation of a T-spline is called T-mesh (see Sederberg et al. (2003)). Since
eponymous T-junctions are allowed in the T-mesh, T-splines break with the tensor product
structure of NURBS. The local knot vectors can be inferred from the T-mesh. The required
number of control points M depends on the topology of the T-mesh and on the polynomial
order p. d knot vectors Ξ`A of length p + 2 have to be determined for each A. The polynomial
blending functions N̂A` (ξ ` ) can be computed from Ξ`A according to the Cox – de-Boor recursion
formula (Piegl and Tiller, 1997). For each A, a single blending function TA is defined as the
product of the univariate blending functions
TA (ξ) =

d
Y

N̂A` (ξ ` ).

(2)

`=1

The blending functions TA and the associated weights wA are used to construct the rational
T-spline basis functions
wA TA (ξ)
RA (ξ) = PM
.
(3)
C=1 wC TC (ξ)
Within an element, T-spline elements are perfectly smooth (C ∞ -continuous, see [Bazilevs08]).
Additionally to degree p, the continuity across element boundaries depends on the local knot
vector, and thus on the T-mesh. Typically, C p−1 -continuity can be obtained across the vast
majority of element boundaries.
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2.1.2

Bézier extraction

Bézier extraction is used to incorporate T-spline elements in a finite element framework. The
elemental Bézier extraction operator Ce maps a Bernstein polynomial onto a T-spline basis.
Thus, it is possible to represent T-spline elements in terms of Bézier elements. The extraction
operators contain global information on topology and smoothness of the T-spline. The T-mesh
is not required anymore for FE computations. The Bernstein polynomials are equal for elements
of the same degree. It is sufficient to precompute them once at the quadrature points.
The Bézier extraction operator can be computed by decomposing a T-spline element into a
Bézier element via knot vectors extension and knot insertion (see Hughes et al. (2005)). A
detailed description of the extraction process can be found in Scott et al. (2011).
Due to the local knot vectors, the Bézier extraction operator has to be determined for each
T-spline element separately. A T-spline basis function can be written as a linear combination
of Bernstein polynomials Bb (ξ) (Bernstein (1912))
(p+1)d
e
RA
(ξ) =

X

e
CA,b
Bb (ξ)

(4)

b=1
e . In elemental matrix-vector form, (4) becomes
with extraction coefficients CA,b

Re (ξ) = Ce Bb (ξ)

(5)

with elemental Bézier extraction operators Ce .

2.2

Heat conduction

The behavior of the presented enrichment strategy is demonstrated by simulating heat conduction problems in various geometries. For this purpose the heat equation is needed as governing
equation. The heat equation is a parabolic partial differential equation. The strong and the
weak form and its discretization are presented in this section.
2.2.1

Strong form of the heat equation

The heat equation can be derived from the energy balance and Fourier’s law of heat conduction
(see Boley and Weiner (1997)). The variation in temperature θ over time t within a given body
B is given as
∂θ
cρ
− ∇ · (k ∇θ) = qs
∀ x ∈ B,
(6)
∂t
with specific heat capacity c, mass density ρ, thermal conductivity k and the heat flux density
qs of a heat source. Boundary conditions (BC) can be applied as Dirichlet BC
on ∂d B

θ(x, t) = θ̄

(7)

or as Neumann BC
k ∇θ = q · n = q̄

on ∂n B,

(8)

where ∂d B and ∂n B are disjoint parts of the body’s surface ∂B. n denotes the normal vector at
the surface while the heat flux density is denoted by q. A bar placed over a variable denotes it
being prescribed. This notational convention is observed throughout this paper.
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Newton’s law of cooling3 can be used to model the cooling process of a body. It assumes that
the heat loss of a body is proportional to the difference in temperature between itself and the
surrounding. Accordingly, the heat flux in surface normal direction is observed by
q · n = h (θ − θa )

on ∂n B,

(9)

with ambient temperature θa and constant heat transfer coefficient h.
For ∂θ/∂t = 0 the heat equation (6) becomes stationary. The stationary heat equation is
equivalent to the Poisson equation. In absence of a heat source (qs = 0), the stationary heat
equation becomes Laplace’s equation.
2.2.2

Weak form of the heat equation

The governing strong form equation is now transformed into weak form. Contracting the strong
form (6) and the natural BC (8) by a test function w and integrating it over the respective
domain, gives
Z
Z
Z
∂θ
cρ
∇θ w ds ∀ w ∈ W,
(10)
qs w dv −
w + k ∇θ ∇w dv =
B ∂t
∂q B
B
where W denotes the space of admissible test functions. The essential BC (7) is then still given
in strong form.
2.2.3

Discretized weak form

The weak form of the heat equation (10) is solved for θ ∈ V by the FE method. V denotes
a suitable space for the temperature field. In order to apply the FE method, the volume is
e
discretized into a set of volume
S eelements Ω with varying number eof nodes or control points
e
}
n
that B ≈ B = e Ω , and a set of surface elements Γ such that ∂B ≈ ∂B } =
S , such
e
e
e Γ . Superscript } denotes approximated quantities. The temperature θ within element Ω
is interpolated as
θ ≈ θ} = N θe ,
(11)
with θ} ∈ V } , N = [N1 I, N2 I, . . . , Nne I], basis functions N1 , . . . , Nne , the identity tensor I in
Rd and the nodal temperature values θ e . The discretized weak form of (10) can be written as
Z
Z
Z
∂θ} }
}
}
}
cρ
w + k ∇θ ∇w dv =
qs w dv −
∇θ} w} ds ∀ w} ∈ W } ,
(12)
∂t
B
B
∂q B
where the variation w is discretized analogously to θ
w ≈ w } = N we .

(13)

Here, we focus on the boundary conditions and assumptions that are used in Section 4. We do
not consider a heat source (qs = 0), and Newton’s law of cooling (9) is used as Neumann BC.
Inserting the discretization for θ (11) and for w (13) into (12) allows as to write the discretized
weak form of the heat equation in matrix form as
M θ̇ + K θ = qa ,
3

(14)

Newton’s law of cooling assumes a spatially constant temperature within the body. This assumption is only
reasonable if heat conduction through the volume is much faster than heat convection to the surrounding. The
Biot number Bi = hV
can be used to measure the convection-conduction ratio. A low Biot number indicates a
kA
good approximation of the reality by Newton’s law of cooling.
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where vector θ contains the temperature at all nodes of the entire body B and θ̇ is its time
derivative. The ambient flux vector qa , the mass matrix M and the stiffness matrix K are
computed element-wise as
Z
qea = −h

Me = ρ c

θa NT ds,

(15)

NT N dv

(16)

Γeq

Z
Ωe

and
Ke = Kec + Keq = k

Z

BT B dv + h

Z

NT N ds,

(17)

Γeq

Ωe

e
with a conductive part Kec where Be = dN
dξ and a convective part Kq due to (9).
A time stepping scheme is required to solve such a transient linear problem. An implicit Euler
scheme is considered here. For a stationary thermal problem ( ∂θ
∂t = 0), (14) simplifies to

K θ = qa .

(18)

The linear system (18) can be solved directly. Note, that different BC (e.g. considering radiation) could lead to a nonlinear problem.

3

Volume discretization

This section discusses different possibilities to discretize a body volumetrically by the use of
Lagrangian and isogeometric elements. An enrichment of linear Lagrangian finite element solids
with a T-spline face is presented in Section 3.1. This type of element is used in the discretization
approach T-ZEN that is introduced in Section 3.3.

3.1

Volumetric elements with T-spline enrichment

T-spline enrichment of 3D Lagrangian elements is presented in this section. One face of a
hexahedral element is replaced with a T-spline face. The trivariate coordinate in the parameter
space ξ = (ξ, η, ζ) ranges from −1 to 1 in each direction. Without loss of generality, the T-spline
surface is placed at ζ = −1. For readability, T-spline enriched Lagrange elements are referred
to as enriched elements in the following. To represent an enriched linear element, the T-spline
control points and the corner points at ζ = 1 are required (see Figure 2). For enriched elements
of higher polynomial order, additional nodes or control points are required. The length of the
elements connectivity arrays can even differ for enriched elements of the same T-spline and
Lagrangian order.
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The basis functions of an enriched linear element are
1
N1 = R1e (ξ, η) (1 − ζ)
2
..
.
1
e
NM = RM
(ξ, η) (1 − ζ)
2
1
NM +1 = (1 − ξ)(1 − η)(1 + ζ)
8
1
NM +2 = (1 + ξ)(1 − η)(1 + ζ)
8
1
NM +3 = (1 + ξ)(1 + η)(1 + ζ)
8
1
NM +4 = (1 − ξ)(1 + η)(1 + ζ)
8

(19)

e defined in (4) using the Bézier extraction operator for
with M T-spline basis functions RA
T-splines. The first M basis functions arise from linear interpolations of the T-spline basis
function in the third dimension, while the last four basis functions form the standard trilinear
Lagrangian basis.

(a)

(b)

Figure 2: Volumetric discretization: linear hexahedral element enriched with one bi-cubic Tspline face in the parameter (a) and in the physical space (b).

3.2

Discretization with Lagrangian and isogeometric elements

We can identify four different general approaches to discretize a volumetric domain with Lagrangian and isogeometric elements. First of all, the domain is discretized entirely with classical
FE (standard Lagrange interpolation) of arbitrary order. This is denoted LAG and shown in
Figure 3(a). LAG yields the lowest number of degrees of freedom (dofs) but also the lowest
accuracy in the representation of curved geometries. In the second case, the domain is discretized with isogeometric elements, denoted IGA and shown in Figure 3(b). IGA requires
the largest number of dofs but it is C k -continuous throughout the whole domain. The IGA
cylinder (Figure 3(b)) is only C 0 -continuous at its axis, since it contains degenerate elements
8

there. Isogeometrically enriched elements can be used to create hybrid discretizations that combines the advantages of classical and isogeometric FE. Using enriched elements at the surface
and discretizing the inner volume with Lagrangian elements is denoted as surface enriched discretization (SEN) and shown in Figure 3(c). The number of dofs is reduced compared to IGA,
but the surface is still C k -continuous. Corbett and Sauer (2014) show an accuracy benefit in
mechanical contact problems for SEN compared to LAG.
In several applications, a pure isogeometric boundary zone seems promising (see Rasool et al.
(2016)). To this end, one single or multiple layers of pure isogeometric elements are placed close
to the surface. Lagrangian elements are used to discretize the rest of the domain. The transition
at the interface between Lagrangian and isogeometric elements can be realized with enriched
elements. This concept is referred to as zone enriched discretization (ZEN) (see Figure 3(d)).
The ratio of isogeometric elements can be chosen according to the particular application case.
Isogeometrically enriched elements can also be used to mesh the surrounding of an object by
applying the concept of SEN and ZEN to the outer side of a bodies surface (Rasool et al., 2016).
This application of the method can be inter alia useful to create models for flow simulations.
Rasool et al. (2016) compare results of a flow problem with pure Lagrangian, zone enriched and
pure isogeometric discretizations. The authors show that ZEN can result in almost the same
accuracy as IGA while the numerical effort is significantly reduced.

3.3

Volumetric discretization with T-spline zone enrichment (T-ZEN )

This section presents a method that enables automatic generation of a volumetric mesh from a
T-spline surface. The resulting discretization consists of pure Lagrangian, pure T-spline and Tspline enriched elements. Since a generalized ZEN concept is applied, the procedure is referred
to as T-ZEN.
3.3.1

Generalized ZEN

The discretization concepts LAG, IGA and SEN can be considered as special cases of ZEN. We
therefore introduce the more general notation T-ZENα , where α is the volume fraction of the
IGA region. The different cylindrical meshes of Figure 3 can thus be associated with different
values of α. For SEN, we define the isogeometric volume fraction as 0 < α =   1. The
volume fractions corresponding to the different element types are given in 1.

(a)

(b)

(c)

(d)

Figure 3: Volumetric discretization: cylinder discretized with LAG (a), IGA (b), SEN (c) and
ZEN (d). Element type (coloring): Lagrangian (yellow), pure isogeometric (cyan), enriched
(pink). The coloring scheme is used throughout the whole paper.
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specialization
LAG
SEN
ZEN
IGA

VLAG
1
0.588
0.056
0

VIGA
0

0.749
1

VENR
0
0.412
0.195
0

α
0

0.749
1

Table 1: Volumetric discretization: cylindrical discretizations (Figure 3) with different isogeometric volume fraction α. VLAG , VIGA and VENR denote the volume fraction of Lagrangian,
pure isogeometric and isogeometrically enriched elements.
3.3.2

Basic concept

T-ZENα is based on the enrichment technique of Corbett and Sauer (2015). The authors
apply T-spline surface enrichment for discretization. They choose the thickness of the enriched
boundary layer constant for the whole model surface. For complex geometries with thin parts,
only a very thin boundary layer can be created with this method. Figure 4 shows the T-spline
surface fandisk and its volumetric discretization with the approach from Corbett and Sauer
(2015). A significant increase of the layer thickness would lead to mesh distortions. Fandisk
is created from an quadrilateral input mesh with the commercial modeling tool Rhinoceros 5
(Rhino) (McNeel, 2012) and the additional T-splines plug-in (Autodesk, 2015). The quad-mesh
is automatically generated by quantized global parametrization (Campen et al., 2015).
T-ZENα is proposed to overcome the restriction to thin boundary layers. To this end, the
original T-spline surface is mapped conformally on a sphere with a modified mean curvature
flow algorithm (cMCF, see Kazhdan et al. (2012)). cMCF avoids the formation of singularities
which would arise in conventional mean curvature flow. The original and the spherical T-spline
surface coincide topologically. They only differ in the coordinates of their control points.
The spherical surface enables the creation of a pure isogeometric boundary zone with arbitrary
number of T-spline elements in radial direction. After the sphere is volumetrically discretized, it
is morphed back into the original surface. The application of T-ZEN0.875 to fandisk is depicted
in Figure 1. Note, that α denotes the isogeometric volume fraction of the spherical body, which
is in general not equal to the isogeometric volume fraction of the final discretization.

(a)

(b)

Figure 4: Volumetric discretization: T-spline surface (a) and surface enriched discretization
based on the approach of Corbett and Sauer (2015) (b)
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3.3.3

Volumetric mesh generation

Bézier extraction operators and control points of a T-spline surface can be exported directly
into a text file with Rhino and the T-splines plug-in. The T-spline surface elements can be
incorporated into an FE framework without taking the index space representation into account.
The T-spline shape functions can be expressed by means of Bézier extraction operators and
Bernstein polynomials.
Rhino provides several possibilities to create a T-spline surface. Besides importing a T-spline
surface directly, it is possible to load a NURBS surface or a polygon mesh from an import file,
and convert it into a T-spline surface afterwards. Since NURBS are commonly used in Computer
Aided Engineering (CAE) we can use a wide range of geometry files as an input for T-ZENα .
Additionally, the T-splines plug-in includes predefined simple T-spline surface geometries. The
geometry and topology of T-spline surfaces can be conveniently modified (e.g. local refinement).
The T-splines plug-in only provides cubic T-splines (p = 3). The user manual of (Autodesk,
2015) claims C 2 -continuity across element boundaries for almost the whole surface. The lack of
continuity is restricted to so-called star points, where only G1 -continuity can be ensured.
The volumetric mesh generation in T-ZENα is illustrated by means of the T-spline surface
potato (Figure 5(a)). Potato is created by deformation of an approximative spherical surface
that is predefined in Rhino. Since the predefined surface is topological equivalent to the original
one, we do not need a further mapping here. The general work flow of T-ZENα is depicted in
Figure 6.

(a)

(b)

Figure 5: Volumetric discretization: T-spline surface potato (a) and topological equivalent
spherical T-spline surface (b)
The spherical T-spline surface is discretized with different types of volumetric elements. A
boundary layer of pure T-spline elements is needed for α > . A transition layer with T-spline
enriched Lagrangian elements is needed for  ≤ α < 1. The creation of a Lagrangian core is
required for α < 1. Details on the generation of the respective elements and on the morphing
procedure are given in the following.
i. T-spline boundary layer
Cubic hexahedral T-spline elements are created underneath the spherical surface to obtain
the boundary layer. To this end, copies of the T-spline control points are projected towards the
center of the sphere. As long as the total thickness of all T-spline elements is smaller than the
11

radius of the sphere, the number of T-spline layers and its thickness can be chosen arbitrarily.
Thus, it is possible to obtain arbitrary large isogeometric volume ratios.
For α = 1, the inner surface of the most inner layer is degenerated to a single point (the center of
the sphere). Thus, only C 0 -continuity can be obtained at the center point, while the remaining
domain is C 2 -continuous4 .

Figure 6: Volumetric discretization: work flow of T-ZENα , face coloring with respect to the
respective element type. α denotes the chosen isogeometric volume fraction (0 ≤ α ≤ 1).

ii. Transition layer
Analogously to the boundary layer, the surface elements are also used to create a layer of
enriched linear elements. For α =  the outer surface can be used directly, while for  < α < 1
the most inner layer of control points of the boundary layer is used. To obtain the inner nodes
of these volumetric elements, the corner points of the T-spline surface elements are projected
further inwards. The cumulative thickness of the boundary and the transition layer has to be
smaller than the radius of the sphere. The inner linear surface of the transition layer is used as
a basis for the creation of the interior Lagrangian mesh (see Figure 7).
4

The use of Rhino and the T-splines plug-in results in a lower continuity (G1 ) at small portions of the surface.
This undesired property is propagated to the volumetric interior. Note, that this is caused by the used software
- not by T-ZEN itself.
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iii: Lagrangian core
The commercial CAE pre- and post-processing software Hypermesh (Altair, 2010) is used to
discretize the inner volume.
Pre-processing of the Lagrangian surface mesh: The Lagrangian surface mesh contains
T-junctions, which cannot be accounted for by Hypermesh. To enable volumetric meshing,
further elements have to be created beneath the T-junctions to close the gap that Hypermesh
detects there.

(a)

(b)

Figure 7: Volumetric discretization: T-spline surface (gray) and initial linear surface (yellow:
quadrilaterals at T-junctions, red: remaining quadrilaterals) (a) and enriched (pink) and pyramidal (yellow) elements at a single T-junction (b)
To handle the T-junctions in the linear mesh in a special way, we have to identify them first.
Although their presence and location is obvious to the human eye, they can not be inferred
directly from the quadrilateral element structure. The identification of T-junctions is realized
by determination and classification of each element’s neighborhood. The recovered information
is used to decide where T-junctions are present.
After all T-junctions and all adjacent elements (colored in yellow in Figure 7(a)) are identified,
we add further elements to the linear mesh to cover the T-junctions from the inside. Initially,
linear pyramids are created beneath all quadrilateral elements at T-junctions (see Figure 7(b)).
Trilinear pyramids require five nodes. The corresponding quadrilateral elements are chosen as
polygonal bases, the apex is computed by projecting the elements midpoint to the inside along
the elements normal vector.
At each triangular face of the pyramids, a linear triangular element is created that coincides
with the particular face. We distinguish between parent elements and child elements bordering
on T-junctions in the quadrilateral mesh. Each parent element shares at least one edge with
two child elements. The triangle at a T-junction, that corresponds to a parent element, is split
into two triangles. Repeating this proceeding for all parent elements makes the method capable
to handle various combinations of T-junctions. However a parent element can not have more
than two child elements at one single edge, due to the T-junction identification method.
The pyramids and their quadrilateral bases are replaced by the created triangles. This results
in a closed linear surface mesh without T-junctions (Figure 8(a)). The pyramids are kept in
the storage, since they will be used to complete the volumetric mesh later.
Automatic volumetric meshing: Hypermesh is now able to discretize the volume that is
enclosed by the linear surface of Figure 8(a). Meshing parameters concerning the element size
13

and the mesh quality can be set before the mesh generation is started. The resulting volumetric
mesh consists of linear tetrahedral and of trilinear pyramidal elements. The latter have only
been created where quadrilateral surface elements served as bases. In general, the number of
tetrahedra and pyramids depends on the geometry and on the topology of the surface. For the

(a)

(b)

Figure 8: Volumetric discretization: closed linear surface (a) and a sectional view of the volumetric Lagrangian core (b)
vast majority of geometries, tetrahedral elements will unambiguously dominate the automatically created mesh. The volumetric discretization from Hypermesh is complemented with the
already existing pyramids (created at the T-junctions), to obtain the entire Lagrangian core
(Figure 8(b)).
iv. Combination
The created Lagrangian core is combined with the boundary and the transition layer. The

(a)

(b)

(c)

Figure 9: Volumetric discretization: T-ZENα discretizations before morphing with isogeometric
volume fraction α =  (a), α = 0.784 (b) and α = 1 (c)
resulting geometry has exactly the same shape as the initial T-spline surface and is volumetrically discretized without any gaps (Figure 9). One global connectivity array and one array of
nodes and control points arise, which can be conveniently integrated into an existing FE-Code.
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To prevent gaps and overlaps during deformation we have to pay special attention to the inward
projected T-junctions. These hanging nodes can be treated with approaches that are referred
to as constrained approximation in the literature (see e.g. Demkowicz et al. (1989)).
v. Morphing
An elasticity boundary value problem is solved numerically to achieve the shape of the original
surface. The Euclidean distance between the control point positions of the original and the
spherical surface are applied as displacement Dirichlet BC. Hyperelastic neo-Hookean material
model (see (Kim et al., 2012))) is used to take nonlinear deformations into account. To avoid
mesh distortions, the boundary value problem has to be solved with intermediate steps. The
number of required deformation steps depends on the shape of the original surface and on the
discretization of both surfaces. The morphing from spherical into potato shape (Figure 10) is
simulated in three deformation steps independently of α. The morphing process of fandisk in
T-ZEN0.875 (Figure 1) was performed successfully in 57 deformation steps. For α =  and α = 1,
problems can arise due to very flat pyramidal elements (for α = ) and very thin degenerated
T-spline elements (for α = 1).

(a)

(b)

(c)

Figure 10: Volumetric discretization: final T-ZENα discretizations with isogeometric volume
fraction α =  (a), α = 0.784 (b) and α = 1 (c)

3.3.4

Capabilities and restrictions

The main capabilities of T-ZEN discretization methods are:
• volumetric discretization from a T-spline surface
• preservation of the surface (incl. sharp features)
• arbitrary large isogeometric volumetric ratio
• applicability to arbitrary genus 0 surfaces
• use of arbitrary CAD geometry files as input
At the current state, the following restrictions and drawbacks can be identified:
• potentially bad surface mesh after the morphing onto the sphere
15

• degenerated elements for α = 1 (C 0 -continuity at the center point)
• solely applicable to cubic T-spline and linear Lagrangian elements
• large number of load steps required in morphing
• only one T-junction per element edge is allowed in the initial surface mesh

4

Numerical examples

This section presents numerical examples that investigate the behavior of surface and zone
enriched discretizations in the context of FE heat transfer problems (see Section 2.2). T-ZENα
is used to discretize various geometries. The influence of different α to the simulation results is
discussed.

4.1

Static heat conduction in a cylinder

Heat conduction in a solid cylinder with length L = 5 L0 and radius L0 is simulated based
on the stationary heat equation. Thus, the simulation result represents the final temperature
distribution after an infinitely long time period. Dirichlet BC are defined on the front (θ(0) = 0)
and on the rear face (θ(5L0 ) = 100 θ0 ) of the cylinder while the lateral surface is perfectly
isolated. Functionally graded material is used: The heat conductivity κ varies linearly in
longitudinal x-direction
κ(x) = κf + (κr − κf )

x
L

0 ≤ x ≤ 5 L0

(20)

with heat conductivities κf = k0 at x = 0 and κr = 10 κ0 at x = 5 L0 . The three-dimensional
heat problem can be reduced to one dimension due to symmetry reasons. The variability of κ
leads to the nonlinear analytical temperature distribution
 


κr − κf
θ(L) − θ(0)
θ̃(x) = θ(0) +
ln κf +
x − ln (κf ) ,
(21)
ln (κr /κf )
L
which can be simplified for the considered parameters to
 

100 θ0
9 x
θ̃(x) =
ln 1 +
.
ln (10)
5 L0

(22)

This temperature distribution is depicted in Figure 11(a).
Pure Lagrangian (T-ZEN0 ), pure isogeometric (T-ZEN1 ), surface enriched (T-ZEN ) and zone
enriched (T-ZEN0.75 ) discretizations are considered for comparison. The number of elements is
increased uniformly in radial, circumferential and in longitudinal direction to achieve regular
and nested discretizations. The T-spline surface degenerates to a NURBS surface.
In T-ZEN0.75 , the outer half of the elements in radial direction is discretized fully isogeometric.
The number of elements (nel ) and dofs for all discretizations and refinement stages m = 1, .., 4
can be seen in Table 2. Figure 3 shows the surface meshes for m = 2.
The temperature distribution at the lateral surface of a T-ZEN0.75 discretization (m = 1) is
shown in Figure 11(b). The error in the temperature
eθ (x) =

θ(x) − θ̃
θ(L)
16

(23)
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Figure 11: Heat conduction in a cylinder: surface temperature in longitudinal direction from
ZEN discretization of m = 2 (a) and analytical temperature θ̃ (b)
is considered for comparison. Figure 12 shows the L2-norm of the error at the surface
qR
2
∂B eθ dA
(24)
keθ,A kL2 =
A
where A denotes the surface area, and within the volume
qR
2
B eθ dV
(25)
keθ,V kL2 =
V
where V denotes the volume of the body.
As expected, both errors are maximal for T-ZEN0 . T-ZEN gives a benefit in accuracy, since
it can consider the nonlinear temperature distribution at the surface. Due to the fact, that the
temperature at the inner volume is influenced by heat conduction from the surface, a gain in
accuracy can also be noted in the volumetric error. Both advantages decrease with increasing
nel . T-ZEN0.75 yields a further significant decrease in both errors, since a part of the volume is
discretized isogeometrically. The benefit compared to T-ZEN0 is likewise present for small and
large nel . Finally, T-ZEN1 results in the smallest error due to the isogeometric discretization of
the entire volume. The investigated experiment shows, that T-ZEN increases the accuracy. A
larger isogeometric volume ratio α leads to more accurate results.
m
1
2
3
4

number of elements
radial circ. long.
2
4
2
4
8
4
8
16
8
16
32
16

α=0
27
165
1,161
8,721

number of dofs
α =  α = 0.75
31
51
173
237
1,177
1,401
8,753
9,585

α=1
52
246
1,450
9,810

volume fraction for α = 0.75
VLAG
VIGA 5
VENR
0
0.734
0.266
0.056
0.749
0.195
0.137
0.750
0.113
0.190
0.750
0.060

Table 2: Heat conduction in a cylinder: number of elements in radial in circumferential and in
longitudinal direction, degrees of freedom (dofs) and volume fraction of Lagrangian, isogeometric
and enriched elements for different isogeometric volumetric fractions (α).
5

α determines the position of the element corners in radial direction. Since the discretized geometries are only
approximations of a cylinder, α and VIGA are not equal exactly. The deviation decreases with increasing numbers
of elements.
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Figure 12: Heat conduction in a cylinder: L2-norm of the temperature error at the surface (a)
and within the volume (b). The respective number of dofs can be found in Table 2.

4.2

Stationary heat conduction in a hollow sphere

In the previous section it was shown that T-ZENα can give accurate results for regular meshes.
In the remainder of Section 4, we investigate the direct application of T-ZENα to a T-spline
surface. The automatic mesh generation leads to unstructured meshes.
4.2.1

Problem set-up and analytical solution

In this section heat transfer on a hollow sphere (body B) with outer radius R = L0 and inner
radius Rin = 0.4 L0 is simulated. Dirichlet BC (constant temperature θ̄ = 100 θ0 ) are applied to
the inner surface ∂d B while a convective heat transfer to the surrounding space (Neumann BC,
ambient temperature θa = 0) is applied to the outer surface ∂n B, according to Newton’s law of
cooling (9). We use spherical coordinates (r = kxk) to describe the problem and its analytical
solution.
In absence of time-dependent effects and heat sources, heat equation (6) for constant κ becomes
Laplace’s equation
∆θ = 0
∀ x ∈ B.
(26)
For a perfect hollow sphere, an analytical solution to the described problem exists. The temperature can be determined as


hR2 1
1
θ̃(r) = (θs − θa )
−
+ θ̄,
Rin ≤ r ≤ R,
(27)
κ
r Rin
where the convection-conduction ratio is chosen as hκ =
obtained by
θ̄ + θa γ
θs =
1+γ
with

hR2
γ=
k



1
1
−
Rin R
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1
L0 .

The surface temperature θs can be
(28)


.

(29)

4.2.2

Discretization

(a)

(b)

(c)

(d)

(e)

Figure 13: Heat conduction in a hollow sphere: T-spline surfaces for 1, ..., 5 (a-e)
To the best of the authors’ knowledge, exact spherical T-spline surfaces cannot be created with
Rhino and the T-splines plug-in. Here, we use the predefined model quadball that is only an
approximation of a sphere. In order to minimize the error
eR (r) =

r−R
,
R

(30)

the T-spline control points are moved in radial direction. Five different meshes (parameter m)
of T-spline surfaces (Figure 13) are used to create volumetric models with varying numbers of
nodes and elements. Figure 14(a) shows the distribution of eR after control point adjustment
for T-spline surface m = 2. The L2 norm of the radius error
sZ
1
keR kL2 =
(31)
e2R dA
A
∂n B
at the T-spline surface and at the linear one are shown in Figure 14(b). While both surfaces
converge to a perfect sphere with increasing dofs, keR kL2 is significantly smaller for each Tspline surface than for the corresponding Lagrangian surface discretization.
T-ZEN0 , T-ZEN and T-ZEN1 are applied at each m to the sphere. In T-ZEN , a linear
spherical approximation with average radius Rin is additionally passed to Hypermesh to obtain
a hollow sphere. The thickness of the enriched boundary layer tSEN is chosen with respect to
the average size of the surface elements at the particular m to avoid very large or small aspect
ratios. Thus, the layer thickness is decreased with increasing number of surface elements (see
Table 3). Figure 15(b) shows a T-ZEN discretization (m = 2).
To obtain a T-ZEN1 discretization, nIGA layers of volumetric T-spline elements (Table 3) are

m
1
2
3
4
5

tSEN
[R]
0.2
0.2
0.15
0.1
0.05

nIGA
3
3
6
9
10

at outer
surface
336
336
624
1,776
6,384

number of elements
in the volume
T-ZEN0 & T-ZEN T-ZEN1
5,200
1,008
11,310
1,008
54,705
3,744
87,847
15,984
404,423
63,840

number of dofs
T-ZEN0

T-ZEN

T-ZEN1

1,531
2,784
11,522
18,953
83,328

1,177
2,448
11,234
18,665
83,040

40
182
3,474
16,918
79,898

Table 3: Heat conduction in a hollow sphere: thickness of the enriched layer (tSEN ), number of T-spline layers (nIGA ), number of elements and degrees of freedom (dofs) for different
discretizations
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Figure 14: Heat conduction in a hollow sphere: radius error eR at T-spline surface m = 2 (a)
and keR kL2 of linear and T-spline surfaces (b)
created beneath the surface. The resulting mesh is regular in radial direction. The hollow
sphere is entirely discretized with pure T-spline elements (Figure 15(c)). It is C 2 -continuous
throughout the entire domain, excluding star points.
A linear discretization (T-ZEN0 ) is created by replacing the enriched elements in the T-ZEN
mesh by trilinear hexahedra while the Lagrangian core remained unchanged (Figure 15(a)).
The number of surface elements and the final number of volumetric elements for the particular
discretizations can be found in Table 3.

(a)

(b)

(c)

Figure 15: Heat conduction in a hollow sphere: T-ZENα (m = 2) with isogeometric volume
fraction α = 0 (a), α =  (b) and α = 1 (c)

4.2.3

Results

The L2 error at the outer surface
keθ,A kL2

1
=
A

sZ

20

∂Bn

eθ 2 dA

(32)

and within the volume
keθ,V kL2

1
=
V

sZ

eθ 2 dV

(33)

B

is depicted in Figure 16. For all three discretization concepts the surface and the volume error
both decrease with increasing number of dofs. The error at the surface behaves qualitatively
similar for T-ZEN0 and for T-ZEN but its value is smaller for meshes with surface enrichment.
With increasing m the benefit of T-ZEN is reduced qualitatively.
Comparing the volume error of T-ZEN0 and T-ZEN leads to similar observations. However,
the relative benefit is smaller as at the surface and vanishes for m ≥ 3, since T-ZEN does not
affect the discretization beneath the surface.
The better approximation of the analytical result by the application of surface enrichment is
only achieved due to the more exact representation of the spherical surface. T-spline enrichment
is only applied in circumferential direction where the analytical temperature is constant. The
increased continuity of the solution field does not lead to a numerical advantage in this particular
application. Newton’s law of cooling only takes the surface area into account and does not
consider surface orientation.
The pure volumetric T-spline discretization (T-ZEN1 ) results in a significantly smaller error
with respect to T-ZEN0 and T-ZEN . The relative benefit of T-ZEN1 increases with increasing
number of dofs. Although T-ZEN1 benefits from its regular mesh in radial direction and a more
accurate approximation of the inner surface, the striking reduction of the temperature error
(Figure 16) indicates the capability of the T-ZENα method.
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Figure 16: Heat conduction in a hollow sphere: L2 error at the surface (a) and within the
volume (b)

4.3

Transient heat conduction in a sphere

In this Section T-ZENα is used to obtain solid discretizations from the quadball model. A
transient heat problem is investigated.
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4.3.1

Setup and analytical solution

A transient heat problem in a solid sphere (body B with radius L0 ) is solved. An initial
temperature θ̄t=0 = 100 θ0 is applied to all nodes and control points at time t = 0. Newton’s
law of cooling (9) is considered with θa = 0.
An implicit Euler scheme is used for time integration. The time steps are distributed uniformly
over time t ∈ [0, .., 0.1T0 ]. The number of time steps nts increases with increasing m (see
Table 4).
In absence of a heat source the governing equation (6) becomes
cρ
The volumetric mass density ρ =
m0 L0
T03 θ0

∂θ
− κ ∆θ = 0
∂t

m0
,
L30

∀ x ∈ B.

the specific heat capacity cp =
m0
T03 θ0

(34)
L20
,
T02 θ0

the thermal conduc-

and the heat transfer coefficient h =
are defined by means of mass m0 ,
tivity κ =
temperature θ0 , length L0 and time T0 to nondimensionalize the problem.
Equation (34) can be solved analytically for a perfect sphere. The spatial and temporal distribution of temperature θ is
∞
2θ0 X −αβn2 t
βn2 + δ 2
θ(t, r) =
e
(sin(βn L0 ) − L0 βn cos(βn L0 ))
r
βn2 (L0 (βn2 + δ 2 ) + δ)

(35)

n=1

with radial variable r, thermal diffusivity α = ρκcp , eigenvalues βn and δ =
positive roots of
βn cot(βn L0 ) + δ = 0.

h
κ

−

1
L0 .

βn are the
(36)

An infinite number of roots of equation (36) can be found. Thus, we can not obtain the exact

m

nts

tSEN
[R]

nZEN

1
2
3
4
5

100
100
130
200
400

0.2
0.2
0.15
0.1
0.05

4
6
6
8
10

number of elements
T-ZENα
surface
0 ≤ α ≤  α = 0.936
336
3,796
5,140
336
4,150
6,166
624
9,031
12,775
1,776
34,139
48,347
6,384
150,242
214,082

number of dofs
T-ZEN0

T-ZEN

T-ZEN0.936

1,230
1,291
2,612
8,680
35,617

894
1,027
2,324
8,392
35,329

1,050
1,811
5,412
23,772
109,081

Table 4: Heat conduction in a solid sphere: number of time steps (nts ), of T-spline layers (nZEN ),
of elements and of degrees of freedom (dofs) and the thickness of the enriched layer (tSEN ) for
different discretizations
result of equation (35). With increasing time t, the influence of the larger eigenvalues decreases.
We choose n = 1000 to compute an analytical solution for comparison.
4.3.2

Discretization

T-ZEN0 , T-ZEN and T-ZEN0.936 are used to discretize the T-spline surface geometries from
Section 4.2. The particular mesh parameters and the resulting number of elements and dofs
are listed in Table 4. T-ZEN is realized by creating an enriched boundary layer of thickness
tSEN beneath the surface and completing the remaining volume automatically with Hypermesh
(see Figure 17(b)). Analogous to Section 4.3, T-ZEN0 is obtained by replacing the enriched
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(a)

(b)

(c)

Figure 17: Heat conduction in a solid sphere: T-ZENα (m = 1) with with isogeometric volume
fraction α = 0 (a), α =  (b) and α = 0.936 (c)
elements of T-ZEN with linear ones (see Figure 17(a)). Thus, the number of elements is equal
for α = 0 and α = . The number of dof for α =  is smaller than for α = 0 due to the
less local support of Bézier elements. This decrease is especially significant for coarse meshes.
T-ZEN0.936 is realized by creating nZEN T-spline layers beneath the surface and combining them
with a shrunken version of the corresponding T-ZEN discretization (see Figure 17(c)). This
concept leads to a significant increase in number of volumetric elements for T-ZEN0.936 . The
use of coarser linear meshes can reduce this effect. Since full T-spline elements require a large
number of control points, α >  leads to an increase in the number of dof compared to α ≤ .
This effect is especially significant for large m.
In contrast to Section 4.2 no additional surface is required for automatic mesh generation. The
linear discretization is solely constrained by the shape of the enriched elements.
4.3.3

Results
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Figure 18: Heat conduction in a solid sphere: temperature distribution at t = 0.01 T0 for
T-ZEN0.936 (a) and FE error at the surface (b), both for m = 1
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Figure 18(a) depicts the temperature distribution for a T-ZEN0.936 discretization (m = 1). The
surface temperature is decreased due to convective cooling. Heat conduction also decreases the
temperature within the volume. Due to the choice of material parameters and simulation time,
the core temperature does only slightly change.
The evolution of the temperature error at the surface (32) is shown in Figure 18(b). All
investigated discretization concepts lead to an increasing temperature error in the beginning
until its maximum is reached. For T-ZEN0 and T-ZEN , the difference to the analytical solution
decreases strictly monotonically beyond this point. In contrast to stationary heat conduction,
pure surface enrichment does not give a benefit here. T-ZEN actually lead to less accurate
results than T-ZEN0 . However, T-ZEN0.936 leads to a large accuracy improvement throughout
the entire simulation time span. The maximal error is already reached at the first time step.
The L2 norm of the temperature error for the different discretizations is integrated over time t.
The compared quantity is defined as
sZ Z
1
keθ,A kL2t =
eθ 2 dA dt
A
T ∂B
at the surface, and
keθ,V kL2t

1
=
V

sZ Z

eθ 2 dV dt

T B

for the whole volume. Figure 19 shows the time-integrated error norm at the surface (a) and
within the volume (b). For each of the investigated discretization concepts, both errors de-
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Figure 19: conduction in a solid sphere: L2 error integrated over time t for the surface (a) and
the volume (b)
crease with increasing number of dofs. The observations for m = 1 (see Figure 18) also hold
for m > 1. T-ZEN0.936 improves the accuracy of the results significantly, while T-ZEN leads
to even poorer results than T-ZEN0 as Figure 19(b) shows. The relative difference between the
surface error of T-ZEN and T-ZEN0 decreases with increasing dofs. A similar behavior can not
be obtained for the volume error. Especially at the surface (Figure 19(a)), T-ZEN0.936 leads
to a lower convergence rate than T-ZEN and T-ZEN0 . Arriving at general conclusions from
this observation is not possible, since the used meshes are neither structured nor nested. Furthermore, the convergence rate of T-ZEN0.936 is possibly influenced by the inaccurate quadball
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mesh.
Analogously to the previous section, surface enrichment in circumferential direction does not
improve the representation of heat transfer in radial direction. In transient problems the choice
of the time step size additionally influences the results. Choosing the step size with respect to
the particular time discretization error might increase the accuracy and thereby the comparability of the results. Furthermore, a change of the convection-conduction ratio h/k can lead to
a quantitative variation of the results.
Concluding we can state that the simulated transient heat transfer problem can be solved more
accurately by the use of zone enrichment (with α  ), while pure surface enrichment (α = )
does not provide numerical benefits in the investigated application.

4.4

Transient heat conduction in fandisk

Figure 20: fandisk: discretizations from T-ZEN0 (a) and from T-ZEN0.875 (b)
The numerical experiments section is concluded by a simulation of a transient heat problem on
fandisk (see Figure 4(a)). Again Newton’s law of cooling and an initial temperature condition
are applied. Material parameters ρ, κ and cp are chosen as in the previous section, while the
heat transfer coefficient now is h = 0.1 Tm3 0θ . fandisk is discretized with T-ZEN0.875 and with
0 0
T-ZEN0 . A sectional view of the volumetric discretizations is given in Figure 20.
Due to morphing, some isogeometric elements of T-ZEN0.875 are highly distorted. Several
authors (e.g. (Babuška, Ivo and Suri, Manil, 1992; Wriggers and Reese, 1996)) showed, that
distortion can lead to undesirable locking effects. Since locking does not occur in isotropic heat
conduction, elemental distortion can decrease the convergence rate but it does not produce
non-physical results here. The reduction of elemental distortion due to morphing is beyond the
scope of this work (see Section 5).
Information concerning the mesh, the geometry, the BC and the time integration are listed in
Table 5.
θt=0 [θ0 ]

θa [θ0 ]

nts

T

A[L20 ]

V [L30 ]

100

0

10

0.1

55.856

20.052

α=0
58,503

nel
α = 0.875
52,400

α=0
12,171

dofs
α = 0.875
14,167

Table 5: fandisk : initial temperature, ambient temperature, number of time steps, final time,
area and volume of the body, number of (volumetric) elements and degrees of freedom
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For both geometries the temperature distribution is physically comprehensible. The maximal
temperatures are located around the center of the bodies, while the corners are the coolest parts
(see Fig. 21, and 22).

Figure 21: fandisk : surface temperature at final time t = te for T-ZEN0 (a) and T-ZEN0.875 (b)

Figure 22: fandisk : temperature within the volume (at final time t = te ) for T-ZEN0 (a) and
T-ZEN0.875 (b)
The same problem is solved on a very fine linear mesh (1, 085, 135 dofs) to obtain the reference
solution θref . The relative error with respect to the reference solution
eref =

θ − θref
θref

is computed for the two discussed discretizations. The L2-norm of eref
sZ
1
keref kL2 =
e2ref dV
V
B

(37)

(38)

is plotted versus time t in Figure 23.
T-ZEN0.875 results in a significantly smaller error than T-ZEN0 at each time step. keref kL2
is maximal at t = 0.6 T for T-ZEN0.875 , while it is monotonically increasing over the entire
simulation time for T-ZEN0 .
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Figure 23: fandisk : volumetric L2 norm of the error with respect to the reference solution (38)

5

Conclusion

A new method to obtain trivariate volume discretizations from a given bivariate T-spline surface
discretization is presented and discussed in this work. The method is denoted T-ZENα , and it
allows to create hybrid meshes containing classical linear, pure T-spline and T-spline enriched
elements. An arbitrarily large isogeometric volume fraction can be obtained. T-ZENα exactly
preserves the smooth (C k ) shape of the surface (including potential sharp features). The use
of Rhino with aT-splines plug-in enables the application of T-ZENα to arbitrary genus 0 CAD
surface geometries.
In this work, stationary and transient heat problems are solved with T-ZENα discretizations.
It is shown that those increase the accuracy substantially. This is the case for non-linear heat
conduction (see Section 4.1), stationary cooling (Section 4.2), and transient cooling of simple
(Section 4.3) and complex shapes (Section 4.4). By selecting the parameter α different cases
are possible: α = 0 leads to discretizations that only contain classical FE (standard Lagrange
interpolation). α = 1 leads to pure isogeometric discretizations. C k -continuity (k ≥ 1) can
be obtained throughout the whole domain except of one single point. Selecting α =  yields
discretizations with an isogeometric surface and a Lagrangian bulk. If  < α < 1, a pure volumetric isogeometric zone is created close to the surface. The inner core is discretized with
Lagrangian elements.
Some of these cases work better than others. While α =  leads to an accuracy benefit in stationary problems compared to α = 0, it can lead to even poorer results in transient problems.
α >  increases the accuracy in simulations of stationary and of transient thermal problems.
With increasing α, the T-ZENα concept achieves significantly improved results for the investigated problems.
T-ZENα enables automatic volumetric discretization from spline surfaces without requiring a
costly and non-trivial manual mesh generation. Other mesh generation approaches in the literature either require manual work or result in undesirable tetrahedral meshes. Beyond the benefit
in computational accuracy, T-ZENα yields no manual effort and thus a striking advantage in
mesh generation.
The meshing technique T-ZENα still has some limitations that can be improved in future work.
The morphing process requires a large number of deformation steps to avoid invalid elements.
A higher surface mesh quality and other constitutive laws (e.g. viscoelasticity) might reduce
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the number of required deformation steps. Improving the mesh quality (i.e. reduction of the
elemental distortion) is a further objective that might be addressed in subsequent research.
Even though a large range of T-spline surfaces is captured by the method, it can be further
generalized to handle multiple T-junctions within one element. Furthermore, the use of other
methods for conformal mapping might extend the application of T-ZENα to surfaces of higher
genus.
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