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Abstract This paper presents a new numerical integration technique for 3D contact finite
element implementations, focusing on a remedy for the inaccurate integration due to discontinuities at the boundary of contact surfaces. The method is based on the adaptive refinement of
the integration domain along the boundary of the contact surface, and is accordingly denoted
RBQ for refined boundary quadrature. It can be used for common element types of any order,
e.g. Lagrange, NURBS, or T-Spline elements. In terms of both computational speed and accuracy, RBQ exhibits great advantages over a naive increase of the number of quadrature points.
Also, the RBQ method is shown to remain accurate for large deformations. Furthermore, since
the sharp boundary of the contact surface is determined, it can be used for various purposes
like the accurate post-processing of the contact pressure. Several examples are presented to
illustrate the new technique.
Keywords: computational contact mechanics, contact surface boundary, contact segmentation,
contact pressure post-processing, numerical quadrature.
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Introduction

In finite element computations of contact problems, numerical integration is usually conducted
over the contact surface to calculate the contact forces and their tangent contributions. The
accuracy in computing these integrals can affect the convergence rate of the Newton-Raphson
iteration and can also affect the spatial convergence rate as the mesh is refined, especially in
case of large deformations and large sliding motions. With standard integration methods, the
integration accuracy can reduce drastically at the boundary of the contact surface (see e.g. Hartmann and Ramm (2008), Franke and Rank (2011), Cichosz and Bischoff (2011), Bussetta et al.
(2012), Matzen et al. (2013), Sauer (2013)). Apart from the discretization error and the fact
that the contact boundary3 does not necessarily coincide with finite element boundaries, this
is also due to the discontinuity (kinks or even jumps) of the contact pressure at the contact
boundary which may not be resolved properly by numerical quadrature.
Another example related to weak discontinuities at the contact boundary is contact of surface
energy driven systems like liquid droplets (e.g. see Sauer (2014a), Sauer (2014b)). For such
problems, not only the contact pressure is discontinuous, but there are also sharp kinks in the
deformation field (i.e. contact angles) due to line loads acting along the contact boundary.
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In this paper, the phrase ‘contact boundary’ is used to refer to the boundary of the contact surface and not
to the contact surface itself, as is often done elsewhere since it is part of the boundary of the contacting bodies.
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The problem can be solved simply by refining the mesh, see e.g Stadler and Holzapfel (2004).
However, this approach is very costly and can become inefficient, especially if the contact boundary moves across the mesh during contact and if the percentage of contact elements containing
the contact boundary is small compared to the total number of contact elements. Consequently,
an adaptive mesh refinement may improve the efficiency. However, adaptive refinement, especially in the case of isogeometric meshes (Hughes et al. (2005)), is not a trivial matter. Moreover,
such a refinement would remove one of the advantages of isogeometric analysis, which is that
the geometry of the contact surface can be represented to high-accuracy with comparably few
elements. Our concern here, therefore, is to improve the integration accuracy while keeping the
original mesh (such that discretization error remains fixed). For that, we propose in this paper
an integration scheme that firstly relies on exactly determining the contact boundary, and then
evaluating the contact integrals by refined partitioning along the contact boundary. The scheme
is therefore called refined boundary quadrature (RBQ).
We note, that the discontinuity type focused on in the present paper is physical and our aim
is to recover it as accurately as possible in FE contact computations. This is in contrast to
non-physical discontinuities which may appear due to the numerical methods (e.g. meshes, formulations, etc) used to solve the contact problem. The discontinuity at the element edge is an
example of a non-physical discontinuity. Various well-known techniques can be used in order
to eliminate/avoid this type of discontinuity, such as smoothing techniques (see e.g. Wriggers
(2006) and references therein), enrichment techniques (e.g Konyukhov and Schweizerhof (2009),
Sauer (2011), Corbett and Sauer (2014)), isogeometric analysis (pioneered by Hughes and coworkers Hughes et al. (2005)), or recently, the advent of the mortar method can also treat the
discontinuity at element edges efficiently by enforcing the contact constraints in an averaging
sense, e.g. see Puso and Laursen (2004); Temizer et al. (2011); De Lorenzis et al. (2012), Popp
et al. (2013).
We also note, that improving the discretization error is another important aspect, and the
technique developed here can also be useful for this case. For example, the accurate determination of the contact boundary can be beneficial for consistently discretizing or interpolating
the boundary in order to capture boundary discontinuities more accurately. Furthermore, the
determination of the contact boundary is also useful for an improvement of the mortar method.
This is because, although the discontinuities at the element edges are well-treated by the mortar formulations, the averaging of the contact gap, which is essential for the robustness here,
undesirably smoothens the physical discontinuities of the contact pressure around the contact
boundary. This requires a mesh refinement for resolving the boundary, leading to efficiency
problems that can also be improved with the RBQ technique. The accurate determination of
the contact boundary is therefore very beneficial. These additional aspects will be considered
in future work.
The determination of the exact contact boundary on high-order elements was first considered by
Franke (Franke et al. (2010), Franke and Rank (2011)) for rp-FEM applied to 2D, deformable
vs. rigid surface contact problems. A remarkable improvement in terms of error and convergence rate was also shown. A treatment of the surface integration (without locating exactly
the contact boundary) on the boundary elements was also proposed by Cichosz and Bischoff
(2011) for 2D Mortar methods. In this paper, a new detection and quadrature partitioning
procedure for the contact boundary is proposed. The procedure is applicable to common 3D
surface elements of any type or order.
The remainder of this paper is outlined as follows. In Sec. 2 a systematic approach to determine
the contact boundary is presented. Sec. 3 describes the partitioning procedure for the RBQ
scheme. In this section, two naive solutions, namely uniform quadrature (UQ) and adaptive
quadrature (AQ), are also mentioned for comparison with RBQ. Sec. 4 presents two robust
algorithms applying the AQ and RBQ schemes, respectively, in solving challenging contact
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problems. Sec. 5 suggests an improved post-processing scheme for the contact pressure that is
based on the knowledge of the contact boundary. Sec. 6 presents several examples to analyze
the performance of the proposed scheme. The paper concludes with Sec. 7.

2

Contact boundary detection on FE meshes

This section presents an algorithm for finding the contact boundary on a FE mesh. Several
methods available in the context of CAD to find the intersection can be adopted, e.g. Lattice
Methods, Subdivision Based Methods, or Marching Methods (see Agoston (2005)). In our
framework, since the contact boundaries on the FE mesh may vary with deformation, and since
they will also be used for the partitioning of integration domains, the method to be chosen should
be as efficient as possible, and should also be convenient for element partitioning. Therefore, a
mixed method is used as follows.

a.

b.

Figure 1: Finite element of the contact surface ∂Bsh : a. deformed contact element domain Γec
split by the contact boundary C e into sub-domains Γein (in-contact) and Γeo (out-of-contact);



b. parametric domain Γ
c , on which C , Γin , and Γo are defined correspondingly.

Consider a general 3D finite contact element4 Γec , as is shown in Fig. 1, which is part of the
discretized slave contact surface ∂Bsh . The current element domain Γec is subdivided by the
contact boundary C e into in-contact Γein , and out-of-contact Γeo , sub-domains. On the entire
h and out-of-contact ∂B h subsurface ∂Bsh , the contact domain ∂c B h ⊂ ∂Bsh with in-contact ∂Bin
o
domains, and contact boundary C are defined correspondingly.
The geometric representation of the considered finite element is
x = N(ξ, η) xe ,

(1)

where x is the position vector in the deformed element domain Γec ; xe are nodal supports depending on the element type, e.g. nodes for Lagrange elements or control points for isogeometric
elements, and N is an array of all shape functions related to the element. The shape functions
for isogeometric elements are based on B-spline basis functions, which can be found e.g. in
Borden et al. (2011).
4
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2.1

The interface detection function

To identify the contact boundary C e on the element domain defined by Eq. (1), let us introduce
a so-called interface detection function φ(x), which is a level-set function and chosen such that
it satisfies the following properties

 < 0 in Γein ,
= 0 on C e ,
φ(x)
(2)

> 0 in Γeo .
We note that, apart from the contact/non-contact boundary, φ can also be used to determine
the stick/slip boundary or the elastic/plastic boundary for problems in elasto-plasticity. In this
paper, the penalty method is used to enforce the contact constraints, i.e. some penetration is
allowed between the master and slave surface, and the contact boundary is, therefore, identical
to the intersection curve between the two contact surfaces. In this case, the signed normal gap
gn can be chosen as the interface detection function; namely
φ := gn = (x − xp ) · np ,

(3)

h is the projection point of x ∈ ∂B h onto the master surface ∂B h , and n is the
where xp ∈ ∂Bm
p
s
m
h at x , which is the solution of the optimization problem
outward normal unit vector of ∂Bm
p

xp (x) = {xm |

min kx − xm k for x ∈ ∂Bsh } .

h
xm ∈∂Bm

(4)

Alternatively, an averaged normal gap, which is usually incorporated in the mortar method (see
e.g. Puso et al. (2004); De Lorenzis et al. (2012)), can also be used as a detection function with
higher regularity to capture the contact boundary, namely
Z
NI sign (φraw ) dA
∂c B0h
Z
φI :=
, I = 1, ..., nnodes ,
(5)
NI dA
∂c B0h

where ∂c B0h is the reference contact domain; φraw is defined point-wise, e.g. by Eqs. (3) and (7),
so that
nknodes
X
(6)
φ :=
NI (ξ, η) φI .
I=1

This type of detection function will be examined briefly through the example in Sec. 6.3.3, for
improving the post-processing of the contact pressure.
Remark: For capturing the contact boundary in case of the Lagrange multiplier method, a
suitable detection function can be defined in terms of both the normal contact gap and contact
pressure p (the Lagrange multiplier). For example, considering the interface between the region
with gn > 0 (out of contact) and the region with p > 0 (in contact) as the contact boundary
yields
φ := ḡn + |ḡn | − β(p̄ + |p̄|),
(7)
where ḡn and p̄ denote the normalized quantities; β > |ḡn |/|p̄| if ḡn 6= 0 and p̄ 6= 0, otherwise,
β = 1 so that sign φ is determined by gn in Γo and by p in Γin .
Furthermore, since the contact pressure at the contact boundary is smoothed by standard interpolation, a special treatment, such as an XFEM-type interpolation, is recommended in order
4

to fully benefit from RBQ. In that case, an additional treatment for the circular dependency
between the contact boundary and the contact pressure is required. These extensions for Lagrange multiplier methods fall outside the scope of the present paper and are left for future
work.

2.2

Contact boundary detection algorithm

Our aim now is to find possible contact boundary curve(s), C e , on each contact element as
shown in Fig. 2a. The approach here is to determine C  ‘exactly’ in a set of sampling points,
Ξb := {ξ ib ∈ C  | i = 1..nb }, and represent C e by interpolating from these points. Tab. 1 shows
the corresponding algorithm whose main steps are illustrated in Figs. 2b-f.
Require: sensor density α0 ; hunting grid density α1 ; refining parameter α2 .
Initialize: the ‘boundaries found’-flag bflg = 0
Evaluate: the sensor set Ξs
if max(Ξs ) = 1 and min(Ξs ) = −1 then
Phase 1: Hunting phase is performed
If the hunting phase is successful then
Phase 2: Chasing phase is performed
Phase 3: Refining phase is performed
Phase 4: Ordering phase is performed
bflg = 1
end if
end if
Table 1: Contact boundary detection algorithm for a finite contact element
In the algorithm of Tab. 1, the variable bflg is defined with a boolean value to indicate whether
some contact boundary is found or not for a given element. First, we need to determine
beforehand whether some contact boundary may exist or not on the considered element. For
that, let the element have the ability to ‘feel’ when some contact boundary is crossing over it
by attaching a so-called sensor set Ξs to the element as is shown in Fig. 2b. It is the set of
locations (sensors) where to check the contact status; namely

Ξs := {sign φ(ξ i ) ∪ sign φ(ξ j ) | ξ i ∈ Γ
c ; ξ j ∈ ∂Γc ; i = 1, ..., nqp ; j = 1, ..., 4α0 } ,

(8)

where nqp is the number of checking points located in the interior element domain. These
interior points are usually chosen to be identical to the standard quadrature points of the
contact element; α0 is a user-specified parameter defining the density of ξ j on the elemental
boundary. The density of Ξs determines the ‘sensitivity’ of the element which is controllable
through α0 .
Now all three contact cases of the element can be identified by
Case a. if max(Ξs ) = min(Ξs ) = 1
: the element is fully out of contact;
Case b. if max(Ξs ) = min(Ξs ) = −1
: the element is fully in contact;
Case c. if max(Ξs ) = 1 & min(Ξs ) = −1 : the element is partially in contact,
i.e. some contact boundary exists.

(9)

Next, if the element ‘senses’ the existence of contact boundaries crossing over it, i.e. case (9c),
four phases are performed to determine it explicitly: the hunting phase, chasing phase, refining
phase, and ordering phase (see Fig. 2).
5

a.

d.

b.

c.

e.

f.

Figure 2: Contact boundary detection: a. A contact element in the deformed domain where
the red curve shows the expected contact boundary; b. The attached ‘sensors’ on the master
domain with nqp = 2 × 2 and α0 = 3; c. Hunting phase with the hunting grid covered on the
master domain for α1 = 4; d. Chasing phase; e. Refining phase for α2 = 2; f. Ordering phase:
the sampling points are ordered and connected by linear interpolation. The contact boundary
found is then mapped back to the deformed domain.

• Phase 1. Hunting phase: In this phase, the parametric domain for the considered
element is covered by a so-called hunting grid5 , as shown in Fig. 2c, whose density is
specified by the parameter α1 . The hunting grid defines on the parametric domain hunting
points ξ ih , i = 1, ..., (α1 + 1)2 , hunting boxes jh , j = 1, ..., α12 , and hunting segments ∂kh ,
k2
k = 1, ..., 2(α12 + α1 ), which are determined by two hunting points, ξ k1
h and ξ h at both of
their ends (here ki, i = 1, 2, denote the two ends of segment k).
If a hunting segment is intersected by a contact boundary, it is called an active segment,
otherwise it is called an inactive segment. If a hunting box jh contains active hunting
segments, it is called an active hunting box, otherwise it is called an inactive hunting box.
The aim of this phase is to collect all of those active segments. This can be done by
checking the contact status at both ends of segments whether
k2
ckseg := sign φ(ξ k1
h ) · sign φ(ξ h ) < 0; k = 1, ..., ns ,

(10)

where ns is number of the active segments.
Remark. The satisfaction of condition (10) indicates the existence of some intersection
5
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structure.
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point on the hunting segment ∂kh . However, there are some special cases here: 1. In
some situations, there exists a contact boundary, yet no active hunting segments are
j

k
found in Γ
c in case Γin ⊂ h ; 2. cseg > 0 does not guarantee the non-existence of some
intersection point on the hunting segment; 3. If ckseg < 0, there might be more than one
intersection point in ∂kh . We exclude these special cases by assuming that, if there
j
exists a contact region Γ
in , it is larger than the hunting box h . This assumption is to
ensure the uniqueness of the intersection point for each active segment, and also to ensure
the uniqueness of the intersection curve crossing over each active hunting box. If the
assumption is not satisfied, the hunting phase is said to be unsuccessful. Nevertheless, the
assumption is always satisfied as long as the parameter α1 is large enough.
• Phase 2. Chasing phase: In this phase, the intersection points ξ kb over the active hunting
k2
segments are detected ‘exactly’ by finding the positions ξ k in closed intervals [ξ k1
h , ξ h ],
such that the interface detection function (2) yields φ(ξ k ) ≈ 0 within a prescribed tolerance (see Fig 2d). If φ is a stepped function, those points are found by the bisection
search algorithm; if φ is a differentiable function, for faster convergence, the golden search
algorithm Kiefer (1953) is used to find the minimum position of the function
fg := |φ| .

(11)

The detected intersection points ξ kb (k = 1, ..., ns ) in this phase will contribute ns elements
into the sampling point set Ξb . We also note that ξ kb are still not ordered.
• Phase 3. Refining phase: In phase 1 we note that the parameter α1 controls not only
the density of the hunting grid, but also affects the number of sampling points in Ξb .
I.e. in order to get a better representation of C e , one can increase α1 . However, if α1
is large, it will harm the efficiency of the algorithm, since α1 affects the entire element
domain. Therefore, phase 3 is added so that a better representation is achieved by locally
adding new hunting segments within the active hunting boxes, as shown in Fig 2e. The
density of the added segments is set by the user-specified parameter α2 , and the directions
of adding segments follow the intersection points ξ kb found in the phase 2. A set of added
active segments is found by checking condition (10) now for the added segments, i.e.
l2
claseg := sign φ(ξ l1
h ) · sign φ(ξ h ) < 0; l = 1, ..., nas ,

(12)

l2
where ξ l1
h and ξ h are the two ends of the added segment l, and nas is the number of added
active segments. The newly detected intersection points, ξ lbr , (r–for refinement) on the
added segments are now determined by the same procedure as in phase 2. The refining
phase adds nas sampling points to the sampling set of the intersection curve, so that
n
o
[
Ξb = (ξ kb | k = 1, ..., ns )
(ξ lbr | l = 1, ..., nas )
,
(13)

where now, in this phase, the points ξ lbr are ordered within their hunting boxes, since the
directions of refining were determined.
• Phase 4. Ordering phase: In this phase – required to identify the topology of the
curve(s) C  as shown in Fig 2f – the sampling points in Ξb are assigned unique numbers.
The ordering can be done by the Timmer algorithm (see Agoston (2005)) as follows:
– Since the refined sampling points ξ lbr within an active hunting box jh are already
ordered, we can connect these points by a linear interpolation (higher order interpolation can also be used for better representation) to represent a segment of C  ,
whose two ends are on the hunting segments ∂kh . By looping over all active hunting
boxes, we get a set of segments of C  , whose elements are still disconnected.
7

– The set of the intersecting segments is then connected by merging all pairs of segmental ends whose numbers are identical. Note that more than one separated curves
C  may possibly be found within a finite contact element.
After these four phases, the curve(s) C  is determined by a series of nb = ns + nas ordered
sampling points ξ ib (ξi , ηi ) ∈ Ξb , i = 1, ..., nb . By looping over all contact elements, C  is
obtained for each element for which bflg = 1. Finally, C  is mapped to the deformed domain to
get the complete C curve(s) as
a

C :=

nel
[

C e ; with C e :=

e=1

nC
[

Cqe ,

(14)

q=1

where nael is the number of elements with bflg = 1, which will be referred to as active elements
in Sec. 4; nC is the number of separated curves, and
( nq −1
)
[
η
−
η
η
−
η
k
k+1
k
Cqe :=
,
(15)
N(ξ, η) xe |
=
; ξ(ξ, η) ∈ [ξ kb , ξ k+1
b ]
ξ − ξk
ξk+1 − ξk
k=1

where nq , with

nC
X

∈
nq = nb , is the number of sampling points for the curve Cqe , and ξ kb , ξ k+1
b

q=1

Ξb . As seen in Eq. (15), the segments of the contact boundary have the same order as the
contact element.

3

Refined boundary quadrature

In this section, we discuss the numerical quadrature of a discontinuous function, as it may
appear at the contact boundary. The refined boundary quadrature (RBQ) method, based on
the partitioning of C discussed in the preceding section, is introduced.
Consider a function f (x) that needs to be integrated over the contact surface ∂c B h , as
Z
G :=

f (x) da =
∂c B h

nel
X

Ge ,

∀ x ∈ ∂c B h

(16)

e=1

where nel is the number of contact elements in ∂c B h , and
Z
Ge =
f (x) da ,

(17)

Γec

is the contribution from surface element Γec . The standard numerical method to integrate (17)
is
Z
nqp
X
Ge =
f (x) Ja (x) dξ dη ≈
f (xi ) Ja (xi ) wi ,
(18)
Γ
c

i=1

where Ja (see e.g. Sauer et al. (2014)) accounts for the surface stretch between Γec and Γ
c ; nqp
is the number of quadrature points; xi are the quadrature locations; and wi are the associated
weights determined by some quadrature rule. This numerical quadrature formula usually works
well with only a few quadrature points as long as the function f (x) is differentiable over the
integration domains. However, in contact problems, discontinuities may occur across the contact
boundary C. The integration accuracy may reduce drastically near that boundary, since the
8

discontinuity is not captured properly by a few quadrature points. To deal with this problem,
we classify solutions into two groups:
The first group refers to solutions which do not explicitly rely on knowing the exact location
of the contact boundary. E.g. a naive solution is simply using a large number of quadrature
points nqp = nuqp in Eq. (18), distributed uniformly over all elements. This solution is referred
to as uniform quadrature (UQ). The method is simple to execute. However, the drawback is a
low efficiency, especially for large integration domains. Another method, belonging to the first
group, is increasing the number of quadrature points adaptively only over elements that contain
the contact boundary, such that
0

G≈

n0

nel qp
X
X

a

f (xi ) Ja (xi ) wi0

+

e=1 i=1

na

nel qp
X
X

f (xi ) Ja (xi ) wia ,

(19)

e=1 i=1

where nael is the number of boundary elements over which the sensors Ξs can ‘sense’ some contact
boundary crossing; naqp = nuqp is the number of quadrature points selected as large as in the UQ
method for a desired accuracy; n0el is the number of elements that contain no contact boundary,
and n0qp is their corresponding number of quadrature points, which is usually low in case f (x)
is differentiable on these elements; wi0 and wia are the associated weights. This method can
improve the efficiency problem of UQ, however, it is still quite inefficient for the case that nael
is large, e.g. when the contact zone is large. The adaptive method of Eq. (19) is referred to as
adaptive quadrature (AQ). We consider that naqp > n0qp and that the location of the quadrature
points is fixed according to some quadrature rule as in standard numerical quadrature.
The second group refers to solutions which explicitly rely on the determination of the contact
boundary. Belonging to this group, we present in this paper the so-called refined (contact)
boundary quadrature (RBQ) technique, which is based on the curve(s) C determined by the
procedure discussed in Sec. 2 in order to improve the accuracy of contact computations. To
h and ∂B h as
this end, the surface integration (16) is carried-out over the two sub-domains ∂Bin
o
Z
Z
G=
f (x) da +
f (x) da ,
(20)
h
∂Bin

∂Boh

so that the corresponding numerical quadrature is
0

G≈

n0

nel qp
X
X

a

f (xi )Ja (xi ) wi0 +

e=1 i=1

nr

nel qp
X
X

f (xi ) Ja (xi ) wir ,

(21)

e=1 i=1

where nrqp is the number of refined quadrature points for integration on boundary elements, for
which nrqp << naqp to get the desired efficiency, and wir are the associated weights. The locations
and the associated weights of the refined quadrature points are based on the partitioning of the
integration domain, presented in detail in the following section.

3.1

Partitioning scheme

The contact boundary found by the hunting grids in Sec. 2 provides a convenient partitioning
for integration. This is shown in Fig. 3.
In order to partition the element domain containing C  , the hunting boxes are classified into
the three patterns shown in Fig. 3a: P1 denotes an intact hunting box, unaffected by C  ; P2
denotes a hunting box where C  crosses over two opposite sides; and P3 denotes a hunting
box, where C  crosses over two adjacent sides. The partitioning scheme for the three patterns is
shown in Fig. 3b, where for P1 , the sub-domain is the whole hunting box; for P2 the hunting box
9

a.

b.

c.

Figure 3: Refined quadrature partitioning scheme: a. The contact boundary C  (red curve),
with sampling points (the dots) found by the hunting grid (here α1 = 4, α2 = 1), results in three
patterns of hunting boxes: P1 – an intact hunting box, P2 – a hunting box opposite-side cut by
C  , and P3 – a hunting box corner-cut by C  ; b. partitioning of the hunting boxes; c. Resulting
map into the deformed domain.

is subdivided into triangular sub-domains by connecting the sampling points with the center
points of the sides along the boundary, and for P3 by connecting with opposite corners. Fig. 3c
shows the current configuration of the partitioning.
We note here, that the partitioning (or segmentation) of contact elements for integration is also
used in the Mortar methods (see e.g. Puso and Laursen (2004), Puso et al. (2004)). However,
the segmentation in this case focuses on non-physical discontinuities at elemental boundaries in
the contact zone ∂c B h , while the partitioning in RBQ here is to resolve the physical discontinuity
of the contact pressure at the contact boundary C. The partitioning in RBQ is, therefore, not
meant as an alternative to the segmentation in Mortar methods. Strictly speaking, RBQ is not
a new contact formulation but rather a new way to evaluate the contact integrals of existing
formulations.

3.2

Quadrature points and weights

The location of the quadrature points and their associated weights in Γ
c for each partition are
2
determined by a mapping from the secondary parametric domains, Γ1
2 and Γ2 for square and
triangular sub-domains, respectively, as shown in Fig 4. This is given by
nqp2

ξ qp (ξ, η) =

X

v
Ni (ξ qp
2 ) ξi ,

(22)

i=1
qp
where ξ (ξ, η) is the location of quadrature point in Γ
c ; ξ 2 (ξ2 , η2 ) is the location of the
corresponding quadrature point in Γk
2 , k = 1, 2, which are determined by the usual quadrature
rules for rectangles and triangles, respectively; nqp2 is the number of vertices of the secondary
qp
master domains; ξ vi are the vertex coordinates of the sub-domains in Γ
c ; and Ni (ξ 2 ) are the
shape functions in Γk
2 domains, given by
qp

N1
N2
N3
N4

= (1 − ξ2 )(1 − η2 )/4
= (1 + ξ2 )(1 − η2 )/4
= (1 + ξ2 )(1 + η2 )/4
= (1 − ξ2 )(1 + η2 )/4
10

,
,
,
,

(23)

a.

c.

b.

Figure 4: Quadrature points and weights: a. The secondary master domain Γ1
2 for P1 subdomains, here nqp2 = 2 × 2 quadrature points. b. The secondary master domain Γ2
for
2
triangular sub-domains in P2 and P3 , here nqp2 = 3 quadrature points. c. the partitioned
1
2
parametric domain Γ
c with quadrature points mapped from Γ2 and Γ2 .

for Γ1
2 , and
N1 = 1 − ξ2 − η2 ,

N2 = ξ2 ,

N3 = η2 ,

(24)

for Γ2
2 .
k
The associated weight w(ξ, η) in Γ
c is determined from mapping the weight w2 (ξ, η) from Γ2
as
w(ξ qp ) = det(J )w2 (ξ qp
(25)
2 ) ,
k
where J is the Jacobian matrix between Γ
c and Γ2 , which can be computed from
nqp2

J=

X

ξ vi ⊗

i=1

∂Ni
.
∂ξ 2

(26)

Remark: We point out that, as the partitioning is adaptable to a changing position of the
crossing contact boundary, the integration points (in Γ
c ) for a considered element therefore
also change with deformation.

4

Numerical Quadrature algorithms for contact

This section discusses the application of the proposed techniques to carry out the surface integration for contact computations. A quadrature-point-to-surface formulation (see e.g. Wriggers
(2006)) is used here due to its simplicity. The formulation passes the patch testes (see e.g. Papadopoulos and Taylor (1992); Zavarise and De Lorenzis (2009). The only drawback is its
potential over-constraining, leading to inf-sup instability, when using Lagrange multiplier, Augmented Lagrange multiplier, or Penalty methods with very high penalty parameters (see e.g.
Temizer et al. (2011); De Lorenzis et al. (2011); Dimitri et al. (2014)).
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4.1

Functions to be integrated in the contact computation

For contact problems considered in this paper, the impenetrability constraint,
gn ≥ 0 ,

(27)

which is computed by the expression (3), is enforced by the penalty method. The contact
traction tc acting at a point x ∈ ∂Bsh is determined according to

−n gn np for gn < 0 ,
tc =
(28)
0
for gn ≥ 0,
where n is the penalty parameter. By discretizing the virtual work contribution of the contact
forces, one ends up with the finite element force vector, which requires surface integration over
the contact element Γec as
Z
fce = −

NT tc da .

(29)

Γec

The nel element force vectors (29) are then assembled into the global FE force vector
fc :=

nel
X

fce ,

(30)

e=1

which contributes into the global discretized equilibrium equation
f := fint − fext + fc = 0 ,

(31)

where fint is the internal force vector, and fext is the external force vector. The detailed expression of fext and fint can be found e.g. in Wriggers (2006).
The nonlinear equilibrium Eq. (31) is solved for the unknown nodal positions x by Newton’s
method until the energy norm6 ε converges to a user-specified tolerance εN . For that, the
tangent matrices of fc , fint , and possibly also fext need to be determined, e.g. see Sauer and
De Lorenzis (2013).
Now, for the numerical surface integration of Eq. (30), the function f (x) in Eqs. (18), (19), and
(21) for UQ, AQ, and RBQ, respectively, is substituted by the integrand of Eq. (29) (including
its tangent matrices), i.e f =
ˆ NT tc , to get fc =
ˆ G. However, we note in this case that the numerical integration is carried out in every Newton iteration for solving Eq. (31) when contact
is involved.
For the implementation of AQ and RBQ, fc can be rewritten in unified form as
fc ≈ −

nqp
nel X
X

NT (ξ i ) tc (xi ) Ja (xi ) wi ,

(32)

e=1 i=1

where – depending on the non-existence or existence of the contact boundary on a considered
element Γec on each Newton iteration – the quadrature set Q = {nqp , w}, which includes the
nqp quadrature locations xi and associated weights wi , is specified among Q0 = {n0qp , w0 } and
Qa = {naqp , wa } for AQ, and among Q0 and Qr = {nrqp , wr } for RBQ, respectively. We note that
Qa is a fixed set according to a standard quadrature rule, while Qr may vary over the contact
elements and possibly over iterations according to the partitioning.
6

Although the convergence here is measured in the energy norm, other measures can also be considered.
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4.2

Active set strategy

The contact surface on which the contact force tc acts is still unknown and depends on the
deformation while solving the equilibrium Eq. (31). Therefore, at the quadrature point locations
ξ i (corresponding to xi in the deformed domain), an active set, defined as
Ξa := {sign gn (ξ i ) | ξ i ∈ Γ
c , i = 1, ..., nqp } ,

(33)

is used, so that
(
tc (xi ) =

−n gn np for Ξia = −1 ,
for Ξia = 1.

0

(34)

The active set Ξa is usually only updated at the beginning of a load step and when the global
error norm ε ≤ εA , where εA is a user-specified tolerance. We remark that whenever Ξa is
updated, the Newton loop resets as the system to be solved, Eq. (31), has changed.
In our case, because there is a circular dependency between the contact boundary and nodal
displacements, the quadrature set Q can switch back and forth between Q0 and Qa or Qr
while evaluating Eq. (32). A criterion for updating the quadrature set is, therefore, required to
prevent the Newton loop from getting stuck. A simple scheme that updates Q at the beginning
and keeps it fixed throughout the Newton loop can be used. In this case, however, the accuracy
may be very sensitive to the load step size, which is undesirable, especially for large deformation
and sliding problems. Accordingly in the following section, we present two schemes in which Q
can be updated within the Newton loop for AQ and RBQ, respectively.

4.3

State variable of a contact element

In order to develop a criterion for switching quadrature set Q in Eq. (32) during the contact
computation, a contact element is characterized by a state variable, st , whose value can be one
of the following states:
• Inactive state: this state means the element is not considered for quadrature refinement.
The quadrature set Q0 is used for this state. st is initialized by this state at the start of
computations.
• Active state: this state means the quadrature of the element is refined by Qa for AQ and
Qr for RBQ.
• P(ending)-inactive state: this state is to identify elements that may change their states
from active to inactive in the next load step.
• P(ending)-reactive state: this state is specified for RBQ to identify active-state elements so
that the partitioning procedures (Secs. 2, 3.1, 3.2) may be re-executed to update the refined
quadrature set Qr in the next Newton iterations or load steps.

4.4

Adaptive quadrature algorithm

In this section, the adaptive quadrature (AQ) algorithm to evaluate the contact forces and its
tangent matrices is presented. This is illustrated in Flowchart 1. Here, the loop containing
blocks 2-9 represents the Newton loop solving equilibrium Eq. (31) at a given load step up to
the desired tolerance εN .
The criterion for updating the quadrature set is now developed by controlling the state variable
st in a way that the element prefers a quadrature refinement, i.e. increasing Q0 to Qa , while
opposing the reverse direction, i.e. coarsening the quadrature. For that, Flowchart 1 realizes
the following items:
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previous st ; ns = 0; ε = 1

yes

1. st =
p-inactive?

Begin a load step

st := inactive;
reset Ξa
Eq. (33);

3. st =
inactive?

no

yes

Q := Q0

no
(active,p-inactive)
Q := Qa

ns := ns + 1

4. Quadrature over Q;
evaluate Eq. (29)
+ tangent matrices;
update Ξa Eq. (33)

no

2. ε ≤ εN ?

yes

Next load step
5. st =
p-inactive?

yes

no
(active,
inactive)
no

8. ε ≤
εout ?
and st =
active?

neg.

7. check
sensors
Eq. (8)

yes

6. ε ≤ εin ?
or ns = 1?

no

pos.
yes
st := p-inactive

9. st =
inactive?

yes

st := active;
reset Ξa
Eq. (33);

no
solve Eq. (31);
update configuration;
update ε

Flowchart 1: AQ algorithm for contact. Here st is the state variable of an element; ns is the
counter for Newton iteration; εN , εin and εout are user-specified tolerances.
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1. Once the element reaches the active state, the quadrature set remains Qa within the current
load step.
2. If an active element ‘feels’ no contact boundary and all conditions in block 8 are satisfied,
the quadrature set also remains fixed at Qa within the current load step. However, the change
to the inactivate state is then reserved for the next load step by introducing the p-inactive state
(see block 1 in the flow chart).
For the efficiency, the prescribed tolerances εin and εout control when to execute the checking for
refining and for coarsening of quadrature, respectively. εin is usually chosen to be equal to εA so
that the sensors are checked as soon as the active set Ξa is updated. To improve the integration
accuracy, the refinement is also checked at the start of a load step. εout is chosen as close
as possible to εN so that the coarsening is only checked for a nearly converged configuration,
i.e. once the contact boundary is stable.

4.5

Refined contact boundary quadrature algorithm

Flowchart 2 presents the refined contact boundary quadrature algorithm (RBQ). The criterion
for updating the quadrature set is also based on the strategy used for AQ. Additionally, in this
case, whenever the partitioning procedure is executed, the quadrature set Qr is updated. How
and when to execute the partitioning therefore needs to be controlled (by the p-reactive state
here).
Interestingly, for RBQ within a load step, it is sufficient to execute the partitioning and determine the quadrature set Qr only once, right after the active set Ξa stabilizes (see blocks 4 and
5 in Flowchart 2). This is because the stabilized active set Ξa means that the contact boundary
does not vary much over further Newton iterations. It is reasonable to keep Qr fixed – similar
to the quadrature set Qa in AQ – while here nrqp << naqp to achieve comparable computation
accuracy. This advantage is illustrated by the examples in Sec. 6. To check the stability of the
active set Ξa (Eq. 33) for the considered element, we can monitor whether it stops updating or
not.
For the coarsening of quadrature, the p-inactive state is used here as in AQ. However here again,
RBQ is more advantageous than AQ. Namely, due to the pending state ‘p-inactive’, RBQ can
not only obtain the robustness of AQ, but it is also much more efficient since the pending state
takes place with nrqp << naqp . Additionally, in RBQ, because the active state is already separated by block 4, the coarsening of quadrature is checked only for p-reactive elements, while in
AQ it is checked for active elements (see block 8 in Flowchart 1). This is more efficient than
AQ, because the number of p-reactive elements in RBQ is usually smaller than that of active
elements in AQ.

5

Accurate post-processing of the contact pressure

The contact boundary C obtained by the procedure of Sec. 2 can also be used for the accurate
evaluation of the contact pressure. The contact pressure can be extracted from the surface
stress field, obtained by evaluating the contact model at the surface quadrature points, or it
can be determined from a smoothing technique. Such a smoothing technique was proposed by
the post-processing scheme of Sauer (2013). This post-processing scheme does not account for
the discontinuity (e.g. kink) of the contact pressure at C, and therefore this otherwise accurate
scheme is inaccurate there. Hence, in the following, an improvement of the post-processing
scheme proposed by Sauer (2013) is presented. Accordingly, let’s consider the smoothed contact
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previous st ; ns = 0; ε = 1

Begin a load step

Next load step
yes

1. st =
p-inactive?

yes

st := inactive;
reset Ξa Eq. (33)

3. ε ≤ εN ?

no
no

2. st =
active?

yes

4. st =
active or
st =
p-inactive?

11. st := p-reactive

yes

no
(inactive,
p-reactive)

no
ns := ns + 1

5. ε ≤ εin ?
and Ξa
stable?

no

yes

solve Eq. (31);
update configuration;
update ε

10. Quadrature over Q;
evaluate Eq.(29)
+ tangent matrices;
update Ξa Eq. (33)

no

7. ε ≤
εout ? and
st =
p-reactive?

neg.

6. check
sensors
Eq. (8)

pos.

yes

8. Cont. boundary, Sec. 2;
partitioning, Sec. 3.1;
update Qr , Sec. 3.2;
st := active;
reset Ξa Eq. (33)

st := p-inactive

Q := Qr

Q := Q0

no

9. st =
inactive?

(active,
p-inactive,
p-reactive) yes

Flowchart 2: RBQ algorithm for contact, where st is the state variable of an element; ns is the
counter for Newton iteration; εN , εin , εout are user-specified tolerances.
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pressure,
Z
h
∂c B0k

NI pk dA

pkI := Z

h
∂c B0k

,

I = 1, ..., nknodes

(35)

NI dA

where nknodes (k = s for slave and k = m for master surface) is the number of nodes on the referh including all elements that are fully in contact and the boundary elements;
ence domain ∂c B0k
pkI are the nodal values of the smoothed contact pressure, pk is the raw contact pressure field
(based on the penalty formulation here), NI is the shape function associated with node I. The
smoothing is then obtained by interpolating the nodal values according to
nknodes

psk :=

X

NI (ξ, η) pkI .

(36)

I=1

Let us now consider an improvement of Eq. (35). Since the contact boundary can be determined

a.

b.

Figure 5: RBQ partitioning for post-processing: a. Finite elements and nodes with contact
boundary curve C detected by α1 = 2; α2 = 1; b. RBQ segments and RBQ vertices obtained by
RBQ partitioning along C considering quadratic Lagrange segments.

explicitly, one can subdivide the mesh into RBQ segments and RBQ vertices as illustrated in
Fig. 5 according to the partitioning schemes described in Sec. 3.1.7 One can then re-compute
Eq. (35) based on the generated vertices instead of the given nodes. Namely,
Z
NI∗ p∗k dA
h∗
∂B
p∗kI := Z 0in
, I = 1, ..., nk∗
(37)
vertices ,
∗
NI dA
h∗
∂B0in

h∗ here is the reference in-contact
where the superscript ∗ stands for the partitioned surfaces; ∂B0in
h
domain coming from the partitioning of ∂B0in which accounts for the sharp contact boundary;
h∗
nk∗
vertices is the number of RBQ vertices on ∂B0in . Next, the values of the contact pressure at the
RBQ vertices on C0k are set to zero,

p∗kI := 0,
7

∀I ∈ C0k ,

Later, RBQ segments can be used for an effective re-meshing around the contact boundary.
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(38)

Finally the nodal values are now interpolated by
nk∗
vertices

ps∗
k :=

X

NI∗ (ξ, η) p∗kI .

(39)

I=1

This improvement scheme is straightforward for Lagrange elements. However, hanging RBQ
vertices may appear depending on the RBQ parameters as is seen in Fig. 5b, and the quality of
smoothing is therefore reduced. Moreover, for NURBS elements, the local partitioning to compute Eq. (37) is not trivial. A naive solution to this challenge is first transforming the NURBS
elements into Lagrange elements, and then evaluating Eqs. (37), (38), and (39) accordingly for
the transformed ones.
A simpler improvement scheme, which is straightforward for both Lagrange and isogeometric
elements, is introducing a discontinuous function H into the interpolation field (36) based on a
X-FEM representation (see e.g. Moës et al. (1999)). In this case there is no need to partition
the contact surfaces. Namely,
nknodes

psX
k :=

X

nXk
nodes

NI (ξ, η) pkI +

I=1

X

H(ξ, η) NI (ξ, η) pX
kI ,

(40)

I=1

Xk
where pX
kI are the enriched nodal values; and nnodes is the number of enriched nodes. The quality
of the improvement depends on the choice of the enrichment function H. Here for simplification,
X
k
nXk
nodes = nnodes , pkI = pkI , and H is chosen as the Heaviside function for a strong discontinuity
over the contact boundary, i.e.

h
0
in ∂Bin
H :=
(41)
−1 else,

so that,
nknodes

psX
k := (1 + H)

X

NI (ξ, η) pkI .

(42)

I=1

This scheme will be examined in the example 6.3.

6

Numerical examples

The presented quadrature methods are tested and compared through several numerical examples
considering standard quadratic Lagrange and quadratic/cubic NURBS finite elements. In the
present paper, frictionless contact is considered in all examples.

6.1

Three simple test cases

As a first example we consider the integration of simple functions over a fixed grid and use this
to compare the RBQ method with the UQ and AQ methods in terms of accuracy and efficiency.
The domain Γ = 4.04L0 × 4.04L0 is discretized by 8 × 8 quadratic Lagrange elements and it is
partially subjected to a contact pressure as shown in Fig. 6. Three test cases are considered:
• Test case 1. The contact boundary is a straight line (see Fig. 6a), such that

1 for x + y < 4.5L0 ,
p=
(43)
0 else .
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a.

b.

Figure 6: Simple test cases: a. Straight contact boundary C given by x + y = 4.5L0 ; b. Circular
contact boundary C given by (x−2L0 )2 +(y−2L0 )2 = L20 . Partitioning is shown for α1 = α2 = 1.

• Test case 2. The contact boundary is a circle (see Fig. 6b) with the strong pressure discontinuity

1 for (x − 2L0 )2 + (y − 2L0 )2 < L20 ,
(44)
p=
0 else .
• Test case 3. The contact boundary is a circle (see Fig. 6b) with the weak pressure discontinuity

1 − (x/L0 − 2)2 − (y/L0 − 2)2 for (x − 2L0 )2 + (y − 2L0 )2 < L20 ,
(45)
p=
0
else .

For testing the quadrature, we will compute the resultant force
Z
F =
p da ,

(46)

Γ

whose analytic result is 9.9134L20 , πL20 , and πL20 /2 for test cases 1, 2, and 3, respectively.
The parameters for the quadrature methods are chosen as follow: 1. For UQ, the number of
quadrature points nqp is varied uniformly on all elements. 2. For AQ, n0qp = 1 × 1 for the strong
pressure discontinuity cases and n0qp = 3 × 3 for the weak one, while naqp is varied. 3. For RBQ,
n0qp is the same as AQ; α1 = 1; α2 is varied; the number of quadrature points on sub-domains
is nqp = 1 for the strong discontinuity cases and nqp = 3 for the weak one.
Fig. 7 shows the relative integration errors and comparative speed-ups of the considered methods. As seen in Fig. 7a-c, all considered methods converge as nqp increases. It is also shown,
that for a fixed number of quadrature points, RBQ is more accurate than UQ and AQ. Moreover, for test case 1. (fig.7a ), RBQ can reach machine precision even with very few quadrature
points. In terms of the computational speed – shown in Figs. 7d-f – AQ is faster than UQ. At
low accuracy, RBQ is a bit slower than UQ due to the time spent on determining the contact
boundary. Nevertheless, at high accuracy, integration with RBQ is much faster than with UQ
and AQ. We note here, that the speed-up of AQ w.r.t UQ is mainly due to the low ratio of
19

a.

b.

c.

d.

e.

f.

Figure 7: Three simple test cases: Relative integration error vs. the total number of quadrature
points over the integration domain, for a. Test case 1, b. Test case 2, and c. Test case 3;
computational speed-up w.r.t. UQ method vs. the integration error for d. Test case 1, e. Test
case 2, and f. Test case 3.

the number of the boundary elements to the total number of elements, while with RBQ, it is
additionally due to much less number of quadrature points required on the boundary elements
for a desired accuracy.

6.2

Contact between deformable balloon and cushion

Fig. 8 shows the second example, which applies the considered integration methods to the
contact between a spherical, water-filled balloon (radius R) and a cushion modeled by the
membrane formulation of Sauer et al. (2014). The material model for both balloon and cushion
is the incompressible Neo-Hooke law
σ = µB + qI ,

(47)

considering the same shear modulus µ for both bodies. Here σ is Cauchy stress tensor; B
denotes the left Cauchy-Green tensor; and q denotes the Lagrange multiplier associated with the
incompressibility constraint. The cushion is modeled by a square sheet, with initial dimension
4R × 4R, that is fixed along the boundary and is supported by an internal pressure that arises
from constraining the volume beneath the sheet. To ensure a tensile stress state within the
membranes, the sheet and the balloon are pre-stretched by λ = 1.1 (so that the balloon radius
and cushion size become λR and 4λR × 4λR, respectively). The balloon is filled with water
– considered incompressible – that exerts a hydrostatic pressure on the inside surface of the
balloon. The computation is carried out by gradually increasing the specific weight ρg of the
water. The balloon and the cushion are discretized by 216 × 4 and 20 × 20 quadratic Language
elements, respectively. The penalty method and the two-half-pass contact algorithm of Sauer
20

b.
a.

c.

d.

e.

Figure 8: Balloon-Cushion contact: a-d. Boundary partitioning for the configurations at ρg =
{0, 0.2, 0.4, 0.8}µ/R. e. Top view of the partitioning for ρg = 0.8µ/R. The coloring shows the
stress invariant I1 = trσ normalized by µ. Here n = 100µ/R. Quadratic Lagrange elements
are considered.

and De Lorenzis (2013) are used for the contact computation. The parameters for the different
quadrature methods are chosen as follow: 1. For UQ, nqp = 10 × 10; 2. For AQ, n0qp = 3 × 3
and naqp = 10 × 10; 3. For RBQ, n0qp = 3 × 3, α1 = 2, α2 = 1; and the number of quadrature
points on the secondary master domain is nqp = 1 × 1 for all sub-domains. Fig. 8 shows the
quadrature partitioning for RQB on both surfaces for various deformation states.
To compare the integration methods in term of error, the contact force can be computed by the
nodal sum
ncushn
nodes Z
X
cushn
(48)
fc
=−
NI (tc · e3 ) da,
h
∂c Bcushn

I=1

for the cushion, and
fcball =

nball
nodes Z

X
I=1

h
∂c Bball

NI (tc · e3 ) da,

(49)

for the balloon, which is equal to the total weight W = ρg 4πR3 /3 of the water inside the
balloon due to equilibrium. We now consider the relative error
εc :=

|fcball − fccushn |
,
W
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(50)

a.

b.

Figure 9: Balloon-Cushion contact: a. Relative error of the contact force vs. the penalty parameter n (at ρg = 0.8µ/R); b. Speed-up of AQ and RBQ w.r.t. UQ vs. the specific weight
considering n = 100µ/R.

caused by the two-half-pass algorithm.8 As is shown in Fig. 9a, RBQ is more accurate than UQ
and AQ. Fig. 9b shows the computational speed-up measured by the accumulated time spent in
the contact routine. We observe a speed-up of around 2.5 times for AQ and 5 times for RBQ.

6.3

Contact between rigid sphere and cushion

As a third example we examine the performance of RBQ for contact between a rigid sphere
(radius R) and a cushion, modeled as a supported sheet pre-stretched by λ = 1.1, so that its
dimension is 4λR × 4λR. The cushion is now discretized by quadratic NURBS elements as is
shown in Fig. 10a.
The material law and membrane formulation for the cushion are the same as example 6.2. The
sheet is fixed along the boundary at the height R. The volume V beneath the sheet is preinflated by the additional volume ∆V = 15R3 , so that it is in contact with the ball whose
center is initially at the height 2R aligned with the center of the cushion. The penalty method
is used to regularize the contact constraint. The computation is now carried out by gradually
displacing the ball downward by uz = −0.5R. The final configuration is shown in Fig. 10b.
In the following we consider the influence of the proposed quadrature technique on integration,
mesh discretization and post-processing.
6.3.1

Integration error

First, we examine the integration error on the boundary elements for this example with the 8×8
element mesh by varying the number of Gauss point for UQ and the parameter α2 for RBQ.
α1 = 1 with n0qp = 8 × 8 on non-boundary elements and nqp = 7 on triangular sub-domains
are considered. Fig. 11a shows the relative error in reaction force w.r.t. the varied parameters.
8

This is due to the fact that the two-half-pass algorithm does not enforce the contact traction continuity
explicitly for the discretized system, but rather recovers it in the continuum limit, i.e. as the mesh is refined.

22

a.
b.

Figure 10: Sphere-cushion contact with quadratic NURBS: a. Initial configuration; b. Deformation at uz = −0.5R. The blue curve shows the contact boundary C detected by the detection
function Eq. (2) and the bolder red one detected by Eqs. (5) and (6). The coloring shows the
contact pressure according to the post-processing scheme (35).

Here the ‘exact’ force is computed by a very dense integration points (500 × 500 Gauss points
per element). Fig. 11a verifies, that integration with RBQ requires much less number of Gauss
points than UQ for a given integration accuracy.
6.3.2

Discretization error

Secondly, we examine RBQ with respect to spatial convergence. In order to ensure fast convergence as the mesh is refined, the number of integration points (for UQ) and the value of α1
and/or α2 (for RBQ) must be large enough. To compare UQ and RBQ here, nqp = 34 × 34 are
chosen for UQ such that the integration error is below 10−6 (see Fig. 11a) for both methods.
For RBQ α1 = 1 and α2 = 8 are considered, while n0qp = 8 × 8 Gauss points are used for
non-boundary elements.
Fig. 11b shows the convergence to the exact configuration as the mesh is refined. The ‘exact’
configuration here is computed by a very fine mesh (512 × 512 elements). RBQ and UQ are
observed to have the same accuracy during spatial convergence. However, within the desired
integration accuracy, RBQ requires much less number of quadrature points (see Fig. 11c) and,
therefore, is much more efficient than UQ as is shown in Fig. 11d.
6.3.3

Post-processing of the contact pressure

Next, the post-processing of the contact pressure is considered. Fig. 12a-c shows a comparison
between the original and improved post-processing schemes (35) and (42) considered to compute
the contact pressure. Additionally, two improved post-processing schemes (I and II) of (42),
which correspond to the contact boundaries detected by the detection functions Eq. (3) and
Eq. (6) (see Fig. 10b), are compared.
For a detailed analysis of the accuracy of the improved post-processing scheme (42), let us
examine the relative L2 error norm, k∆p̄kL2 computed by averaging the absolute error field
p = (pcomp − pexact )/n R over the reference contact surface ∂c B0h , as
s
Z
1
k∆p̄kL2 :=
2 dA ,
(51)
|∂c B0h | ∂c B0h p
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a.

b.

c.

d.

Figure 11: Rigid sphere contact at uz = −0.5R: a. Relative error due to integration of the
contact force for the 8 × 8 mesh; Mesh convergence w.r.t. b. total number of control points and
c. total number of quadrature points; d. Overall speedup of RBQ w.r.t. UQ. Here n = 200µ/R.

where pcomp is the computed pressure; pexact is the ‘exact’ pressure, which is computed by
the very-fine mesh ( 512 × 512 elements here). Fig. 12d-f are plots of 2p for the original and
improved post-processing schemes, (35) and (42); and the L2 error norms of the two postprocessing schemes are also listed in Tab. 2 for various meshes.
Meshes
k∆p̄kL2 original
k∆p̄kL2 improved I
k∆p̄kL2 improved II
Max 2p original
Max 2p improved I
Max 2p improved II

8×8
1.021e-02
2.097e-03
2.600e-03
4.979e-04
3.102e-04
2.883e-04

16 × 16
3.962e-03
1.191e-03
1.082e-03
2.112e-04
1.136e-04
6.875e-05

32 × 32
1.686e-03
8.417e-04
6.493e-04
7.832e-05
7.010e-05
3.550e-05

Table 2: Sphere-cushion contact with NURBS: comparison of the L2 error norms for the original
(35) and improved (42) post-processing schemes by detection function Eq. (3) (improved I) and
Eq. (6)(improved II) .
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a.

d.

b.

e.

c.

f.

Figure 12: Sphere-cushion contact with 16×16 NURBS elements: Contact pressure (top view of
Fig. 10) according to the original post-processing scheme (35) (a), and improved post-processing
schemes (42) I (b) and II (c); Error 2p of the original post-processing scheme (d) and improved
post-processing schemes I (e) and II (f). The coloring range of a-c. is the same as in Fig 10.
Color range of d and f is the same as in e.
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Tab. 2 shows, that the L2 error in the contact pressure according to the improved schemes
is reduced approximately by 50-80%. For very coarse meshes, the improved scheme I is more
accurate than scheme II. However, for sufficiently fine meshes, the improved scheme II becomes
more accurate than scheme I. This is because the contact boundary for scheme II is based on
the interpolation from nodal values (see Eq. (6)), instead of point-wise detection as in Eq. (3).
As is also shown in Fig. 12d, the contact pressure error 2p is mainly concentrated around the
contact boundary C, and the improvement (Fig. 12e-f) can also be observed when taking into
account the explicit contact boundary. The remaining error around the contact boundary in
Fig. 12e-f is mainly due to the discretization error and also due to the Heaviside function used
for the enriched function (41).

6.4

Frictionless ironing problem

This example examines the performance of the three quadrature methods for sliding contact
considering the ironing problem. A rigid half-cylinder, with radius 2L0 , is pressed by a vertical
displacement uz = −1.2L0 into a (4 × 10 × 3)L30 elastic block, and then is displaced horizontally
by uy as is shown in Fig. 13a-b. The bottom surface of the block is fixed, and periodic boundary
conditions are applied at both ends (in the 10L0 direction). The block is discretized by enriched
quadratic NURBS elements (Corbett and Sauer, 2014), where the upper surface is described
by quadratic NURBS, while the bulk is described by linear Lagrange elements. The Neo-Hooke
material law is used with Poisson ratio ν = 0.3 and the bulk modulus E0 .

c.
a.

b.
d.
Figure 13: Ironing problem: a-b. configurations at (uz , uy ) = {(−1.2, 0); (−1.2, 2.98)}L0 ; cd. Contact pressure p [E0 /L20 ] according to post-processing scheme (42). Here n = 50E0 /L0 .

The integration parameters for the ironing problem are the following: 1. For UQ, nqp = 20×20;
2. For AQ, n0qp = 5 × 5 and naqp = 20 × 20; 3. For RBQ, n0qp = 5 × 5, α1 = 3, α2 = 3; and
the number of quadrature points on the secondary master domain nqp = 3 × 3 for square sub26

domains, nqp = 2 × 2 for triangular sub-domains. For the bulk elements nqp = 2 × 2 × 2 Gauss
points are used.
uy
uy = 1L0

uy = 2.98L0

uy = 5L0

Error
Speedup
nqp
Error
Speedup
nqp
Error
Speedup
nqp

UQ
-1.991e-06
1
400
2.814e-06
1
400
-4.368e-06
1
400

AQ
-1.991e-06
3.54
400
2.814e-06
3.89
400
-4.368e-06
3.96
400

RBQ
2.467e-06
5.9
151 - 198
3.631e-06
6.37
151-198
8.493e-08
6.5
151-198

Table 3: Ironing problem: Computational accuracy and efficiency of UQ, AQ and RBQ
Fig. 13c-d shows the contact pressure with the improved post-processing scheme (42). The
comparison between the considered methods in Tab. 3 shows that, for the sliding problem, the
RBQ method also performs better than AQ and UQ in terms of both accuracy and efficiency.

6.5

Sliding of inflated rubber sheets

The last example tests RBQ in general sliding contact for the case that both bodies are deformable. The contact of two sheets with size 2L × 1L discretized by 16 × 10 cubic NURBS
elements is considered as is shown in Fig. 14a. A Neo-Hookean material model (47) is used.
Both sheets are pre-stretched by λ = 1.5 and fixed along the boundaries. Initially, the sheets
are orthogonal to each other with a gap 0.5L. The following parameters for RBQ are used:
n0qp = 4 × 4; α1 = 3; α2 = 2; and nqp = 2 × 2 and nqp = 3 Gauss points for the sub-domains.
The computation is now carried out for three consecutive loading phases. First, the sheets are
inflated by the volume ∆V = 4L3 in 15 load steps so that the sheets come into contact with
each others as shown in Fig. 14b. Next, the boundary of the upper sheet is rotated on the
horizontal plane around its center by θ = 2π/3 in 100 load steps (see Fig. 14c-e). Finally, the
boundary of the upper sheet slides for a distance 1.5L along the X direction in 40 load steps
(Fig. 14f-g).
Fig. 14a-g show selected snapshots during the computation. The red curves denote the detected contact boundaries. The partitioning along the contact boundaries is plotted during the
twisting phase shown in Fig. 14c-e (the contacting sheets are separated for visualization). Due
to the C 2 continuity of the contact surfaces, a smooth transition of reaction force is observed
during loading as is shown in Fig. 14h, although the mesh used here is still relatively coarse.
This example is challenging as it involves large deformations, large sliding contact and volume
constraints. We note, that the computations run without any convergence problems illustrating
the robustness of the RBQ algorithm.

7

Conclusion

A new quadrature scheme, denoted RBQ, is proposed for non-linear contact computations. The
scheme relies on the quadrature partitioning of the contact boundary. Because the partitioning
is carried out in the parametric space, it is applicable to common element types (Lagrange,
NURBS, T-splines, etc) of any order as long as the shape functions are explicitly defined.
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a.
b.

c.

d.

e.

f.

g.

h.

Figure 14: Inflated sheet contact with RBQ: a-b. inflating phase at ∆V = {0, 4}L3 ; ce. Twisting phase with partitioning at ∆V = 4L3 ; θ = {π/15, π/2, 2π/3}, ; f-g. Sliding
phase at ∆V = 4L3 ; θ = 2π/3; ux = {0.6, 1.2}L; h. Reaction force vs. volume/twisting angle/displacement. The coloring shows the stress invariant I1 = trσ normalized by µ. Here
n = 200µ/L.
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The integration scheme has been successfully applied in solving nonlinear contact problems by
Newton’s method, where the circular dependency between the contact boundary and the displacements is treated by controlling the element states. Additionally, an adaptive quadrature
(AQ) scheme has also been successfully implemented with a robust algorithm for comparison.
In order to carry out the partitioning, a method for detecting the contact boundary on contact
elements is proposed. The boundary location and its partitioning are also used to develop an
improved post-processing scheme. Several examples are shown to demonstrate the performance
of the RBQ scheme in comparison with the UQ and AQ schemes.
As illustrated by the examples, for a comparable error, RBQ is much faster than the two naive
schemes, UQ and AQ. In other words, with the same number of quadrature points, RBQ is more
accurate than UQ and AQ. This accuracy gain is due to two reasons. First, for comparison in
a single iteration, the performance of RBQ w.r.t. UQ and AQ is mainly a trade-off between
the total number of times to evaluate the detection function (2) and the number of quadrature
points. Second, for comparison in an entire load step, RBQ wins for almost all cases because
while considering a boundary element, the update of the contact boundary is performed only
once to locate (few) quadrature points for other iterations, while the UQ and AQ, on the other
hand, use many quadrature points in all iterations for active elements.
Considering the detection of the contact boundary, we remark that the accuracy directly depends on the quality of the mesh representing the surface geometry because the searching is
based on the detection function (2), which is defined on discretized surfaces. Therefore, the
determined contact boundary converges to the exact curve following the mesh refinement. Consequently, this method can be expected to be especially useful for isogeometric surfaces due to
the advantage of their geometric description.
Another important aspect that has not yet been mentioned, but is well-known, e.g. see Franke
and Rank (2011), Matzen et al. (2013) and others, is the undesired boundary smoothing caused
by high order interpolation; a remedy for this problem can be developed based on RBQ.
The detection of the contact boundary also has other benefits. Locating the exact contact
boundary is beneficial for introducing line loads acting along the contact boundary in FE formulations of surface energy driven systems (see e.g Sauer (2014a), Sauer (2014b)). Another
benefit is in applications where local (Lagrange, T-spline, or Pht-spline) FE mesh refinement is
required around the contact boundary; the refinement can be effectively carried out based on
the RBQ partitioning (see Fig. 5). The determination and partitioning of the contact boundary
can also be extended to other types of boundaries, e.g. the stick/slip boundary for frictional
contact.
RBQ can also be extended to Lagrange multiplier and mortar contact methods. For that, a
suitable detection function needs to be defined explicitly, and further treatment may be required
depending on the properties of the formulations in order to benefit from the proposed technique.
These applications and extensions will be considered in future research.

Acknowledgements
The authors are grateful to the German Research Foundation (DFG) for supporting this research
under projects SA1822/5-1 and GSC 111. We also thank Callum Corbett for helpful discussions
and support.

References
Agoston, M. K. (2005). Computer Graphics and Geometric Modeling: Implementation and
Algorithms. Springer London.

29

Borden, M. J., Scott, M. A., Evans, J. A., and Hughes, T. J. R. (2011). Isogeometric finite
element data structures based on bezier extraction of NURBS. Int. J. Numer. Meth. Engng.,
87:15–47.
Bussetta, P., Marceau, D., and Ponthot, J.-P. (2012). The adapted augmented lagrangian
method: a new method for the resolution of the mechanical frictional contact problem. Comput. Mech, 49:259–275.
Cichosz, T. and Bischoff, M. (2011). Consistent treatment of boundaries with mortar contact formulations using dual lagrange multipliers. Comput. Methods Appl. Mech. Engrg.,
200:1317–1332.
Corbett, C. J. and Sauer, R. A. (2014). NURBS-enriched contact finite elements. Comput.
Methods Appl. Mech. Engrg., 275:55–75.
De Lorenzis, L., Temizer, I., Wriggers, P., and Zavarise, G. (2011). A large deformation frictional
contact formulation using nurbs-based isogeometric analysis. Int. J. Numer. Meth. Eng.,
87:1278–1300.
De Lorenzis, L., Wriggers, P., and Zavarise, G. (2012). A mortar formulation for 3D large
deformation contact using NURBS-based isogeometric analysis and the augmented lagrangian
method. Comput. Mech., 49:1–20.
Dimitri, R., De Lorenzis, L., Scott, M. A., Wriggers, P., Taylor, R. L., and Zavarise, G. (2014).
Isogeometric large deformation frictionless contact using t-splines. Comp. Meth. Appl. Mech.
Engrg, 269:394 – 414.
Franke, D., Düster, A., Nübel, V., and Rank, E. (2010). A comparison of the h-, p-, hp-, and
rp-version of the FEM for the solution of the 2D Hertzian contact problem. Comput. Mech.,
45:513–522.
Franke, D. and Rank, E. (2011). Computational contact mechanics based on the rp-version of
the finite element method. Int. J. Comput. Methods, 8:498–512.
Hartmann, S. and Ramm, E. (2008). A mortar based contact formulation for non-linear dynamics using dual lagrange multipliers. Finite Elem. Anal. Des., 44:245–258.
Hughes, T., Cottrell, J., and Bazilevs, Y. (2005). Isogeometric analysis: CAD, finite elements,
NURBS, exact geometry and mesh refinement. Comp. Meth. Appl. Mech. Engrg., 194:4135–
4195.
Kiefer, J. (1953). Sequential minimax search for a maximum, volume 4. Proc. Amer. Math.
Soc.
Konyukhov, A. and Schweizerhof, K. (2009). Incorporation of contact for high-order finite
elements in covariant form. Comput. Methods Appl. Mech. Engrg., 198:1213–1223.
Matzen, M., Cichosz, T., and Bischoff, M. (2013). A point to segment contact formulation for
isogeometric, NURBS based finite elements. Comput. Methods Appl. Mech. Engrg., 255:27–
39.
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